arXiv: 1501.07318v2 [hep-th] 18 Mar 2015 


RELAXED SINGULAR VECTORS, JACK SYMMETRIC FUNCTIONS 
AND FRACTIONAL LEVEL sl( 2) MODELS 


DAVID RIDOUT AND SIMON WOOD 


ABSTRACT. The fractional level models are (logarithmic) conformal field theories associated with affine Kac-Moody 
(super)algebras at certain levels k G Q. They are particularly noteworthy because of several longstanding difficulties that 
have only recently been resolved. Here, Wakimoto’s free field realisation is combined with the theory of Jack symmetric 
functions to analyse the fractional level si (2) models. The first main results are explicit formulae for the singular vectors 
of minimal grade in relaxed Wakimoto modules. These are closely related to the minimal grade singular vectors in 
relaxed (parabolic) Verma modules. Further results include an explicit presentation of Zhu’s algebra and an elegant new 
proof of the classification of simple relaxed highest weight modules over the corresponding vertex operator algebra. 
These results suggest that generalisations to higher rank fractional level models are now within reach. 


1. Introduction 

We begin by briefly summarising some historical details regarding fractional level si (2) models and the ap¬ 
plication of lack symmetric functions to conformal field theory. The work presented here forms a part of of an 
ambitious project aimed at elucidating the properties of general fractional level models as fundamental examples 
of logarithmic conformal field theories. A short digression on the notion of admissibility follows as we use the 
term in a non-standard manner as compared to much of the literature. This also provides us with an opportunity to 
fix some notation. Finally, we outline the main results of the research reported here. 

1.1. Fractional level models and Jack symmetric functions. The fractional level si (2) models are conformal 
field theories with a long and notorious history, originally proposed by Kent (T) as non-unitary models whose 
existence would lead to a uniform coset construction for all the Virasoro minimal models. This proposal received 
a significant boost from the subsequent announcement of Kac and Wakimoto El that si (2) has, for precisely 
the levels required for this coset construction, a finite set of simple highest weight modules whose characters 
close under modular transformations. Moreover, they observed that this property persisted for higher rank affine 
Kac-Moody algebras. However, computations GHU of the fusion rules of the purported theories gave confusing 
and conflicting results. In particular, substituting the modular S-matrix entries into the Verlinde formula resulted 
in negative fusion multiplicities. Despite a flurry of subsequent work, no resolution was agreed upon; in their 
discussion, the authors of the textbook 0 suggested that the fractional level models may be “intrinsically sick”. 

The first steps towards curing this sickness were made by Gaberdiel 0, whose explicit fusion computations 
for the si (2) model of level k = — | demonstrated that one was forced to consider modules that were not highest 
weight. Indeed, he found that fusing the highest weight modules of Kac and Wakimoto resulted in infinite numbers 
of modules whose conformal weights were not bounded below, modules that were not highest weight with respect 
to any Borel subalgebra (relaxed modules), and modules upon which the Virasoro mode Lq acted non-semisimply. 
This showed that the k = — | model was not a rational conformal field theory, as had been implicitly assumed 
in earlier studies, but was, in fact, logarithmic. Subsequent works shid extended these results to k = — ^ and 
thence to the closely related /3y ghost systems 111 111131 . Moreover, it was also shown lfl2l that a misunderstanding 
concerning the role of convergence regions in the modular transformations of Kac and Wakimoto was to blame for 
the failure of the Verlinde formula. To get a genuine action of the modular group and a working Verlinde formula, 
one needs to include all the simple relaxed modules and all their twists under spectral flow l!4lll5L 

We regard these recent advances as demonstrating that the sickness of the si(2) models has been cured and 
we expect that this cure will be just as effective for higher rank Kac-Moody algebras. Given the logarithmic 
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nature of the theories, it is now reasonable to expect that the fractional level models will play an important role 
in understanding logarithmic conformal field theory, much as the non-negative integer level Wess-Zumino-Witten 
models did for rational conformal field theory. We therefore view the fractional level models as objects that 
deserve intense study. In particular, one should at least determine the spectrum of simple modules, compute 
character formulae and verify that the modular properties of these characters lead to non-negative integers upon 
applying the Verlinde formula. More ambitiously, one would like to understand the fusion ring generated by the 
simple modules, the structure of the indecomposable modules generated by fusion, and the corresponding three- 
and four-point correlation functions. From a mathematical perspective, one can ask about homological properties 
of the spectrum (a category of modules over the corresponding vertex operator algebra) including rigidity and the 
identification of the projective and injective modules. We think that it is not unreasonable to expect that there are 
beautiful answers to all these questions, given that they concern structures built from affine Kac-Moody algebras. 

While some, though not all, of these questions have been answered for si (2) at levels k = — | and some of 
the machinery employed is clearly unfeasible for more general levels and ranks. In our opinion, it is likely that the 
modular story will remain under control within the so-called standard module framework muz). On the other 
hand, brute force methods such as the Nahm-Gaberdiel-Kausch algorithm Ill8l|l9ll for fusion products are already 
computationally-prohibitive in all but the simplest cases. Further progress will instead require the development of 
more general alternatives and free field realisations seem to be the obvious candidates in this respect. Here, we use 
a free field realisation to address one of the most basic questions of all, that of determining the simple modules 
of a fractional level theory. We restrict ourselves to the si (2) models as a testing ground, leaving the challenge of 
higher ranks for future publications. 

The standard free field realisation of an affine Kac-Moody algebra is due to Wakimoto |20j , for sl(2), and 
Feigin and Frenkel 1211 in general. For si(2), the Wakimoto realisation combines a free boson with a pair of 
bosonic ghosts of central charge c = 2. The virtue of free field theories such as these is that their underlying 
Lie algebras are almost abelian. More precisely, the negative modes (creation operators) all commute among 
themselves, hence one can invoke symmetric group theory, in particular symmetric polynomials and functions, 
to analyse certain representation-theoretic questions. For the question of classifying the simple modules of the 
fractional level sl(2) models, it turns out that the key lies in the Jack symmetric functions 1221 . 

The relevance of Jack symmetric functions to conformal field theory goes back to the work of Mimachi and 
Yamada l23l who realised that they provide elegant expressions for the singular vectors of Verma modules over 
the Virasoro algebra. Explicit singular vector formulae are useful for many field-theoretic investigations including 
those of the spectrum of primary fields, the fusion rules and the correlation functions. However, the general 
singular vector formulae that were then known, for example those of 1241125 1. are not particularly tractable for 
these purposes. On the other hand, the Jack function formulae were derived directly from the Feigin-Fuchs free 
field realisation of the Virasoro algebra (also known as the Coulomb gas), as developed by Tsuchiya and Kanie 
|[26l and Felder l27l . which is far better suited to explicit computation. 

Unfortunately, it appears that the power of symmetric function theory was not immediately exploited in confor¬ 
mal field theory studies, perhaps because of an unfamiliarity with Jack symmetric functions (Macdonald’s influ¬ 
ential textbook Il28l did not appear until several years later). However, in more recent times, symmetric function 
theory has been embraced by the community, particularly as a means to prove the AGT conjecture lf29l which 
relates Liouville conformal field theories to the instanton calculus of Yang-Mills theories (although it now appears 
that a generalisation of the Jack symmetric functions will be required l30l to prove this conjecture). 

The work reported here, using Jack symmetric functions to classify simple modules of the fractional level si (2) 
models, has its genesis in lf3Tl where this formalism was used to classify, among other things, the simple modules of 
a family ll32l of (logarithmic) conformal field theories called the (/?+,/?_) triplet models. The methods developed 
for this purpose were also applied to give a far more elegant proof of the singular vector formulae of Mimachi and 
Yamada. More recently l33l . it was shown that these methods lead to an elegant new proof of the classification 
of the Virasoro minimal model modules. We recall that the original classification proof of Wang li34l combined a 
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projection formula for the singular vector of the vacuum module, stated by Feigin and Fuchs and eventually proven 
(fifteen years later) by Astashkevich and Fuchs (35] , with some intricate cohomological arguments. 

The content of this paper is then that these simplified methods generalise to the fractional level si (2) models. 
Specifically, we deduce explicit formulae for singular vectors in Wakimoto modules and classify the simple mod¬ 
ules. We take this as strong evidence that the symmetric function techniques developed here will further generalise 
to models over higher rank Kac-Moody algebras and superalgebras. Moreover, it is clear that these techniques 
can be profitably exploited to investigate other important representation-theoretic questions including the structure 
theory of relaxed Verma and Wakimoto modules. We hope to report on this in the future. 

It should be emphasised that, as with the Virasoro case reported in (33], the si (2) classification result is not new. 
The highest weight classification is due to Adamovic and Milas (36l and, independently, Dong, Li and Mason (37]. 
However, their proofs mimic that of Wang, relying upon a projection formula for the singular vector of the vacuum 
module stated (without proof) by Fuchs GS3- From this projection formula, Adamovic and Milas also derive a 
classification result for what we call, following (39], the relaxed highest weight modulesQ It is not clear to us if 
these projection formulae will generalise easily to higher ranks; the tedium of the proof in the Virasoro case alone 
warrants, in our opinion, the development of the rather more elegant symmetric function methods. With this in 
mind, we remark that, to the best of our knowledge, there are no general classification results known for fractional 
level models of rank greater than 1. 

1.2. Basic concepts and notation. Suppose that we have a conformal field theory whose chiral algebra is iden¬ 
tified as a Lie (super)algebra g, for example, the Virasoro algebra or an affine Kac-Moody (super)algebra. More 
general chiral algebras can be accommodated within the formalism to follow, but this level of generality will suf¬ 
fice for the purposes of the article. There is always a module of the chiral algebra, called the vacuum module, that 
carries the structure of a vertex operator algebra V. The elements of the chiral algebra are organised into fields 
that generate V and the (anti)commutation relations of the chiral algebra are equivalent to the operator product 
expansions of these generating fields. We make the following definition: 

Definition. Consider a vertex operator algebra V corresponding to a Lie (super)algebra g as above. If the operator 
product expansions of the generating fields constitute a complete set of algebraic relations, then V is said to be 
universal. 

The terminology comes from noting that a vertex operator algebra is a quotient of V if, and only if, it has a set of 
generating fields that satisfy the same operator product expansions as those of V. 

One way to understand universality is to consider what it means for the vacuum module. When g is the Virasoro 
algebra, the vacuum module of the universal vertex operator algebra is the quotient of the Verma module whose 
(generating) highest weight vector has conformal weight 0 by the Verma submodule generated by the singular 
vector of conformal weight 1 (the vacuum must be translation-invariant). For g = si (2), one quotients the Verma 
module generated by the highest weight vector of si(2) -weight 0 by the Verma submodule generated by the singu¬ 
lar vector of si (2)-weight —2 (as required by the state-field correspondence). In both cases, it may happen that this 
universal vacuum module is not simple. But, quotienting by a non-trivial proper submodule amounts to imposing 
additional relations upon the vertex operator algebra, so the result would no longer qualify as universal. 

Suppose now that we have a parametrised family of universal vertex operator algebras. For example, the Vira¬ 
soro algebra and si (2) each define a one-parameter family of vertex operator algebras, parametrised by the central 
charge c € C and the level k £ C \ {—2}, respectively. We characterise the non-simple members of this family. 

Definition. Suppose that one has a family of universal vertex operator algebras {V,} iG/ , parametrised by some 
index set I. A given value i of the parameter is said to be admissible if the corresponding universal vertex operator 
algebra V, is not simple. 

'The existence of even more general weight modules follows directly from twisting by the spectral flow automorphisms of s((2). Well known 
in the physics literature, this twisting is an important ingredient in 1391401 and first seems to have been explicitly noted for fractional level s( (2) 
models in (7]. 





4 


D RIDOUT AND S WOOD 


For the Virasoro algebra, the admissible central charges c are then precisely those for which there exist coprime 
integers p,p' £ Z >2 satisfying c = 13 — 6(f + f~ 1 ), where t = A. These central charges correspond, of course, to 
the Virasoro minimal models which are commonly denoted by M (/?,//). We will also denote the simple Virasoro 
vertex operator algebra of this (admissible) central charge by M (/?,//), for convenience. 

For si (2), the structure theory of its Verma modules HTI leads to the following characterisation: 

Proposition 1.1. The admissible levels k of the universal vertex operator algebras of sl(2) are precisely those for 
which there exist coprime integers u £ Z >2 and v £ Z>i satisfying k = —2 + 1, where t = f 

Needless to say, the admissible levels of sl(2) are precisely those of the fractional level sl(2) models (including 
those of non-negative integer level, for convenience). To emphasise the analogy with the Virasoro minimal models 
M (/?,//), we shall denote by Ai (m, v) both the fractional level si (2) model with k = — 2 + ^ and the corresponding 
simple vertex operator algebra. We regard the Ai (n,v) as the minimal models of sl(2). Note that Aj (k + 2, l) 
requires k £ Z>o and is therefore just the level k Wess-Zumino-Witten model on SU (2). 

It should be clear now that the focus of our interest is not so much on the universal vertex operator algebras 
themselves, but rather on their admissible level simple quotients. The point is that these simple quotients will have 
constrained representation theories, due to their additional defining relations, about which we expect to be able to 
prove classification theorems. The representation theory of the universal vertex operator algebras is, on the other 
hand, unconstrained by additional relations so that (almost) every g-module is allowed^ 

To complete the analogy between Virasoro minimal models and fractional level si (2) models, we consider the 
modules of the simple quotient vertex operator algebras. 

Definition. Suppose that i £ I is admissible for a given family {V,} of universal vertex operator algebras. Then, 
any module of the simple quotient of V,- is said to be an admissible module of V,-. 

Note that the admissible modules of the universal Virasoro vertex operator algebra are precisely the central charge 
c = 13 — 6(y + y) modules of the Virasoro minimal model M(/?,//). These are the highest weight Virasoro 
modules corresponding to the entries in the Kac table. The admissible modules of the universal si (2) vertex 
operator algebras are the subject of this article. As noted above, they were first classified in 113611371 . We remark 
that they can also be associated with the entries of a table with similar properties to the Virasoro Kac table, see 
02 . 

Finally, note that the definition of admissible module given above is not the original definition of Kac and Waki- 
moto El, who originally defined admissible highest weight modules, for arbitrary affine Kac-Moody algebras, in 
terms of criteria that guaranteed a character formula, generalising that of Weyl-Kac, and good modular properties. 
The vertex operator algebra definition given above is certainly more general and, in our opinion, more fundamental. 
However, the two definitions of admissibility coincide for highest weight s((2)-modules. A generalised version of 
this coincidence for higher rank affine Kac-Moody algebras has recently appeared in l42l . 

1.3. Outline. We close with a brief outline of the contents of this paper. SectionQis a pedagogical introduction 
to the notion of relaxed highest weight theory, crucial for studying the Aj (u, v) models. The idea actually reduces 
to a special case of parabolic (also called parahoric or generalised) highest weight theory, but the connection to 
vertex operator algebras via Zhu’s algebra is so important that we feel it warrants separate consideration. This is 
then followed by a detailed discussion of the relaxed highest weight modules of the three Lie algebras used in the 
remainder of the paper: The Heisenberg algebra, the (bosonic) /Jy ghost algebra and, of course, st (2). 

Section [3] opens with a brief review of the Wakimoto free field realisation of si(2) and the corresponding 
Wakimoto modules. We pay particular attention to the screening fields and operators as a means to motivate the 
usage of symmetric function theory. We then discuss the construction of certain singular vectors in highest weight 
and relaxed highest weight st(2)-modules using Jack symmetric function technology to deduce explicit formulae 

One should only exclude modules, such as the adjoint module, that lead to operator product expansions with essential singularities. 
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for these (Theorem l3.ll) . We believe that these formulae are new: Even in the standard highest weight case, the 
only similar result we are aware of is an old paper of Kato and Yamada l43l where an integral formula is derived 
and evaluated in special cases using Schur polynomials. For singular vectors of relaxed highest weight modules, 
the only other formulae we know are of the Malikov-Feigin-Fuchs (complex power) form |}39l . 

One consequence of this singular vector study is that at admissible levels, Wakimoto’s construction yields a free 
field realisation of the universal vertex operator algebra of si (2) rather than of its simple quotient Ai (it. v). This 
is important as it means that the singular vector of the universal vacuum module is accessible in the Wakimoto 
realisation, hence it may be exploited to such ends as determining the spectrum of A| (n,v)-modules. We first 
obtain an upper bound on the highest weight spectrum (Corollary 14.21 ) using a surprisingly effortless calculation 
that combines the form of the vacuum singular vector with the specialisation formula for Jack symmetric functions. 
This bound turns out to be saturated, but to prove this we must address the more involved relaxed highest weight 
spectrum. In this case, a few more symmetric function manipulations allow us to identify an explicit presentation 
for Zhu’s algebra (Theorem l4.4l > in terms of generators and relations. 

It is now easy to classify the simple relaxed highest weight modules of k\ (n,v), reproducing in an elegant 
fashion the results of USE)- We emphasise that our proofs are, to the best of our knowledge, independent of 
those which have appeared in the literature. We also deduce that highest weight Ai (w, v)-modules are semisimple, 
giving a new proof of an old result that (essentially) appeared in (2). In contrast, Ai (it. v) is shown to admit non¬ 
semisimple relaxed highest weight modules with two composition factors and these are characterised using short 
exact sequences. We moreover conjecture that these modules, together with their simple analogues, exhaust the 
indecomposable relaxed highest weight Ai (m, v) -modules, remarking that proving this would require, among other 
things, a more detailed knowledge of the submodule structure of relaxed highest weight s l (2)-modules. Finally, we 
prove that the Virasoro zero mode Lq acts semisimply on all relaxed highest weight Ai (u, v) -modules, independent 
of our conjecture on the indecomposable spectrum, and discuss briefly how this is consistent with the expectation 
that, for v > 1, the A[ (u,v) model is a logarithmic conformal field theory. 

Appendix[A]gives a brief, but thorough, introduction to the aspects of symmetric function theory, in particular, 
those relating to Jack symmetric functions, that are used in the text. This material is all standard and may be found 
in If28ll . We have also included a brief introduction to Zhu’s algebra in AppendixjB] concentrating on motivating it 
as an abstract version of the algebra of zero modes acting on the space of “ground states” of a relaxed highest weight 
module. This appendix is aimed at physicists, in particular, it uses physics conventions for Fourier expansions, but 
we hope that it will also prove useful to mathematicians. 

2. Generalising highest weight theory 

In this section, we consider a generalisation of highest weight theory that we will qualify as relaxed. Orig¬ 
inally introduced for si(2) in order to study a correspondence relating sl(2)-modules to those over the N = 2 
superconformal algebra (39), relaxed highest weight modules have since appeared as necessary constituents of the 
SL(2;R) Wess-Zumino-Witten model lf40l . in admissible level fusion rules [7.111 1, in relations to logarithmic min¬ 
imal models Il0il44ll45l . in demonstrating the modular invariance of admissible level theories mm, and in the 
full description of bosonic )3y ghosts 111 llll3l . Necessity aside, we feel that from some points of view, particularly 
that of Zhu’s algebra ESI, discussed in Appendix [B] it is more natural to consider these relaxed modules instead 
of the standard highest weight modules that one typically encounters in rational conformal field theory. 

2.1. Relaxed highest weight theory. We recall that the formalism of highest weight theory for a Lie algebra g is 
built from a triangular decomposition 

0 = 0-©f)©0+- (2.1) 

This is a vector space direct sum of subalgebras of g in which the Cartan subalgebra l) is abelian and acts semisim¬ 
ply, through the adjoint action, on both g and g + . In particular, [f),0±] C g |-. Moreover, the subalgebras g 
and g + are assumed to be antiequivalent in that there exists a (linear) order two antiautomorphism, the adjoint f, 
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satisfying g j = g + . The elements of h are supposed to be fixed by meaning that each x £ fa is self-adjoint l47l . 
This is, however, a little too restrictive; we instead only demand that the adjoint preserves the Cartan subalgebra. 
Since 1) is abelian, this implies that each x £ 1) is normal: [x,x T ] = 0. Note that being a linear antiautomorphism 
means that (ax)^ = ax + and [x,y] ^ = [y^x^], for all a £ C and x,y £ g. 

Given such a triangular decomposition, one defines a highest weight vector in a given g-module to be a simul¬ 
taneous eigenvector of the elements of 1) which is annihilated by all the elements of g + . Any module generated by 
a single highest weight vector is called a highest weight module. Conspicuous examples include the Verma mod¬ 
ules — ilg (grit, C^, where iig denotes the universal enveloping algebra of g, Ufa that of the Borel subalgebra 
fa = fa © g + , A £ fa* is the highest weight, and is the one-dimensional fa-module upon which g + acts as 0 and 
each x £ fa acts as A (x) £ C. The highest weight vector generating V;_ is 10 ilt) 1 where 1 denotes the unit of Itg 
(and 1 x that of = C). 

The Lie algebras g that one typically encounters in conformal field theory have triangular decompositions. 
However, they also have more structure in that they are graded by the semisimple action of the Virasoro zero mode 
L() so that, if g„ denotes the ad (Lo)-eigenspace of eigenvalue n. then [g,„. g„] C g m+ „. Moreover, the Cartan 
subalgebra fa is generally chosen to include Lo, which we will always assume is self-adjoint, hence it follows that 
3m = 9-m- Given this structure, the following definition is natural: 

Definition. Let g be a Lie algebra with triangular decomposition (12.11) (where the Cartan subalgebra may include 
elements that are not self-adjoint). If there exists Lq £ fa such that g = ®„ g„, where g„ is the eigenspace of ad (Lo) 
of eigenvalue — n, and Lq is the zero mode of a subalgebra of g isomorphic to the Virasoro algebra, then we will 
say that g is conformally graded. 

The most obvious example is the Virasoro algebra itself which is clearly conformally graded with g„ = span{L„}, 
for n £ 7L\ {0}, go = span{Lo,C} and g„ = {0} otherwise. This shows that the usual, but somewhat confusing, 
convention that [Lo,L„] = — L n is responsible for g„ having ad (Lo)-eigenvalue —n in the above definition. 

Definition. Given a conformally graded Lie algebra g, its relaxed triangular decomposition is 

0 = 0<©0o©0>, (2.2) 

where g< = ® H<0 g„ and g> = ® H> o0«- A relaxed highest weight vector is then a simultaneous eigenvector of 
fa C go that is annihilated by g>. A relaxed highest weight module is a module that is generated by a single relaxed 
highest weight vector. The relaxed Borel subalgebra is g> = go ©g> and a relaxed Verma module is a g-module 
isomorphic to = ^0 ®Ua> 3VL where M is a simple weight module of go upon which g> acts as 0. 

These definitions have obvious analogues for Lie superalgebras and other more general structures, but we will not 
need this level of generality in what follows. 

In this article, we will only consider triangular decompositions of a conformally graded Lie algebra g that satisfy 
g< C g_ and g> C g + . Thus, positive modes are always in g + and negative modes are always in g _. When go = fa, 
the relaxed triangular decomposition then coincides with the (unique) triangular decomposition of this type. We 
will shortly see examples of relaxed highest weight modules which are not highest weight modules in the usual 
sense. First, however, we mention that relaxed highest weight modules may be identified as generalised highest 
weight modules with respect to the parabolic subalgebra g> = go © g>- We recall that a parabolic subalgebra is 
any subalgebra that contains a Borel subalgebra (see 1 14711481 for a quick overview of parabolic subalgebras). 

It will be occasionally convenient to take this a step further and introduce a category of modules, generalising 
the well known category G, that contains the relaxed highest weight modules of g. This is essentially (a variant of) 
the parabolic category G discussed, for example, in 11488 . The explicit details of this category are not essential for 
understanding the results to follow, but we shall devote a few paragraphs to explaining their physical motivation. 

Definition. Given a conformally graded Lie algebra g = g< ©go ®0>, define the relaxed category to consist of 
the g-modules M satisfying the following axioms: 
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• M is finitely generated. 

• M is a weight module (the action of the Cartan subalgebra b is semisimple). 

• The action of g > is locally nilpotent: For each v € M, the space ilg> • v is finite-dimensional. 

The morphisms are the g-module homomorphisms between these modules, as usual. 

All highest weight and relaxed highest weight modules belong to category SI. Moreover, if g has finite-dimensional 
root spaces, then it follows that each module in M will have finite-dimensional weight spaces. Another important 
consequence of these axioms is that every (non-zero) module in category Si possesses a relaxed highest weight 
vector, hence that every simple category S, module is a relaxed highest weight module. 

One can, and should, ask whether the mathematical axioms that we impose on category M will end up excluding 
modules relevant for applications. This is an important question and the answer is that they do exclude relevant 
modules, but in a well-controlled manner. Our motivation for introducing this category is that we want to classify 
the modules of the admissible level k vertex operator algebra Ai (n,v) by identifying these modules as si (2)- 
modules. For the physical application of investigating the corresponding conformal field theories, we must insist 
that the category of A[ (u. v)-modules be closed under the conjugation operation of st (2) (see Section 12.2b and 
fusion. Moreover, we want the characters to behave well under modular transformations so that one can identify 
modular invariant partition functions and compute (Grothendieck) fusion rules from a Verlinde-type formula. 

Category 0 is not sufficient for these purposes, in particular, the conjugate of an A] (u.v) -module from category 
0 need not lie in category 0. Relaxing to category S alleviates this problem and has recently been shown fT3Tl 
to lead to characters with excellent modular behaviour, provided that one extends the category again to take into 
account twists by the so-called spectral flow automorphisms. The upshot is that these spectrally-flowed modules 
are not in category S, but the twisting is very well understood, justifying the above statement that the exclusion of 
these physically relevant modules is under control. 

Axiomatic ally, accounting for the spectrally-flowed modules would require weakening the local nilpotency 
axiom above. However, this axiom has the advantage that category Si provides a very natural setting for the 
important, and very useful, technology of Zhu’s algebra, discussed in AnncndixfUl We restrict to weight modules 
because the fusion coproduct formulae |49l for si(2) show that the fusion product of two weight modules will 
again be weight. Similarly, the conjugate of a weight module is weight and omitting non-weight modules does 
not restrict the characters in any way. Moreover, being weight does not preclude the Virasoro zero mode Lq from 
acting non-semisimply as is required in logarithmic conformal field theories. 

To summarise, the relaxed category St is a rich source of modules for affine Kac-Moody (super)algebras that 
appears to be even more relevant to conformal field theory than the much more familiar category 0. 

2.2. Examples. In this paper, we will use the Wakimoto free field realisation to study the relaxed highest weight 
modules of si (2) and determine which of these are modules for the admissible level vertex operator algebras 
Ai (w, v), where u £ Z >2 and v £ Z> i are coprime and the level k is determined by ^ = t = k + 2. We will therefore 
need to investigate the (relaxed) highest weight theory of the Heisenberg algebra f), the c = 2 bosonic py ghost 
system 0 and si (2) itself. This investigation constitutes the rest of the section. 

The Heisenberg algebra $). We will use the same notations and conventions for the Heisenberg algebra as in 
(33]. The free boson vertex operator algebra is generated by a single bosonic field a(z), defined by the operator 
product expansion 

a{z)a{w) ~ — rx * (2.3) 

[Z — W) z 

With the standard Fourier expansion, a(z) = YP n eZ a nZ.~ nl , the operator product expansion implies the following 
commutation relations: 

\a m ,a„\ =mS m+ „fil, m,n£Z. (2.4) 

The Heisenberg algebra S) is then the infinite-dimensional Lie algebra spanned by the a„ and 1, the latter being 
identified with the unit of the universal enveloping algebra of 5), as usual. We will assume that 1 acts as the identity 
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operator on any i)-module. This is only a minor restriction since a simple rescaling of the generators lets this 
operator act as multiplication by any non-zero number. 

As is well known, the free boson vertex operator algebra admits a one-parameter family of conformal structures. 
We will write the energy-momentum tensor and central charge in the form 

T bos -(z) = ] ~ : a(z)a(z) : - -Ua(z), c bos ' = 1 - (2.5) 

La a- 

where a parametrises the conformal structure. We note that a —> °° reproduces the standard free boson central 
charge c bos - = 1. In Wakimoto’s construction, this would correspond to k —> °°, so it is permissible to ignore this 
case. It is worth recalling that a(z) is not a Virasoro primary for a finite; instead we have 


nbos. 


(z)fl(v 


2/a 1 a(w) d a(w) 


■ + 


+ ■ 


( 2 . 6 ) 


(z — w ) 3 (z — w ) 2 z — w 

The Fourier expansion 7’ bos (z) = Xj„ G zT bos z _ ”~ 2 defines the Virasoro modes and it is easy to check that the 
Lie algebra g spanned by the a„, L bos - and 1 is conformally graded. It is likewise easy to check that (for finite a) 
the only adjoint on the Heisenberg algebra consistent with the standard Virasoro adjoint (L bos ')l = L b ° s - is 


al = -a- n -—8„. 0 1. (2.7) 

Since go = span{ao,T(), 1} is abelian, it coincides with the Cartan subalgebra f), hence relaxed highest weight 
theory reduces to ordinary highest weight theory for the Heisenberg algebra. We remark that this is one example 
where we cannot insist that the Cartan subalgebra consist of self-adjoint elements. 

The highest weight theory of the Heisenberg Lie algebra is well known. The Verma modules are known as Fock 
spaces and are parametrised by the ao-eigenvalue p of the highest weight vector. They are simple for all p € C. 
We will denote the Fock spaces by r J r > and their corresponding highest weight vectors by u p . In accordance with 
(im . the module conjugate to the Fock space r J p is r J p 2 / a - 


The ghost algebra ©. For the ghost system, we follow the notations and conventions of fl3ll . The ghost vertex 
operator algebra is generated by two bosonic fields, p (z) and y(z), whose operator product expansions are 

J3(z)J3(w)~0, y(z)P(w) -—, y(z)y(w)~0. (2.8) 

z — w 

From these, one constructs a Heisenberg field J(z) and an energy-momentum tensor T ghm (z) by 

j(z) = : p (z)y(z): , T^{z) = - : P(z)dy(z) : . (2.9) 


These give P (z) and y(z) Heisenberg weights +1 and — 1, and conformal weights 1 and 0, respectively. We remark 
that J(z) is not normalised as in (12.3b . nor is it primary with respect to T gh '(z): 

-1 _„h , , , —1 J(w) dJ(w) 


J(z)J(w) ■ 


(z-w) 


2 ’ 


r gh -(z)/(w). 


■ + 


(z — w ) 3 (z —w ) 2 z — w 


( 2 . 10 ) 


As with the free boson, there is actually a one-parameter family of conformal structures; r gh (z) has been chosen 
so that the ghost fields p (z) and y(z) have the required conformal weights. This choice also fixes the central charge 
of the ghost system to be c gh ' = 2. 

The Fourier expansions p (z) = Enez A;z"~ 1 and y(z) = Y^ne z YnZ~ n now yield the commutation relations 


[Pm- Pti\ —0, [fin;)/;] —0, llipi (z 


( 2 . 11 ) 


The infinite-dimensional Lie algebra ©, spanned by the j3„, y, and 1, is called the ghost Lie algebra. Again, 
1 is identified with the unit of 110 and we assume that it acts as the identity on all 0-modules. As with the 
Heisenberg algebra, we will extend this algebra by the modes J„,Lf b ' £ 110, defined by J(z) = YYnrjJnZr 11 ' 1 and 
T gh '(z) = YYneZ T gh 'z~”~ 2 . The Lie algebra g spanned by the p„, y n , J n , Lf b ' and 1 is then conformally graded with 
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relations including 

[•Ahj/^h] = pm I n • \Jm • 7/] = Ym+ni >Ai] = [ff n ■ 7i] — (m T U )Ym\n-, (2.12a) 

— f nd m + n .(p: \^fn >*^«] — H-Jm+n — mini -\- 1 )<5 ;// | n ()l. (2.12b) 

The Cartan subalgebra b = span {./(). Lf, h ‘. 1} is a proper subalgebra of go = span{/3 q, 7o , Jo■ L^ 1 ’ ,1}, so the relaxed 
and ordinary highest weight theories of the Py ghost system do not coincide. In this case, the ghost adjoint 

Pn = Y-n (2.13) 

implies that all the elements of fj are self-adjoint. 

We start with the ordinary highest weight theory corresponding to the triangular decomposition in which /3o G g+ 
annihilates the highest weight vector v and 70 G g_ need not. It turns out that this yields a unique Verma module 
because these conditions imply that Jqv = Lf^'v = 0 (and 1 acts as the identity, as always). This module is simple; 
in fact, we may take it to be the ghost vacuum module S because these conditions also imply that L gh | v = 0 . Of 
course, one can also take the triangular decomposition in which 70 annihilates the highest weight vector and j3o 
need not@ The resulting Verma module is the simple module c(S) conjugate to S. obtained by twisting the action 
of © by c, the (order 4) conjugation automorphism that sends p„ to 7 , and 7 , to —j3„. 

The relaxed highest weight theory of the ghost system is significantly more interesting as we no longer require 
that Po (or 70 ) annihilates the highest weight vector. In fact, we may induce from a fairly arbitrary simple weight 
module of go- Given that Jq and /i h ', as abstract elements of go, are going to be identified with elements of it© and 
that the go-module weight vectors are going to be identified with the relaxed highest weight vectors of the induced 
module, we may restrict to go-modules on which the action of Jo is identified with that of yoj3o and the action of 
Lq 1 ' is always 0 . 

Proposition 2.1 JT3] Prop. 1 ], A simple weight module over go upon which Jq = Y 0 P 0 and Lq* 1 ' = 0 is isomorphic 
to one of the following: 

• The module S generated by a vector v which is annihilated by j3o and thus also Jq- This module has a basis of 
weight vectors vj, j G Z< 0 , where JoVj = jvj. 

• The module c(S), conjugate to 9, generated by a vector v which is annihilated by 70 and thus Jqv = v. This 
module has a basis of weight vectors Vj, j G Z>i, where JoVj = jvj. 

• The modules Sq, where q G C\Z, each of which is generated by a vector v satisfying Jqv = qv; it follows that 

no non-zero vector is annihilated by po or Jq. The eigenvalues of Jq = Jopo all lie in q + Z and these modules 

have a basis of weight vectors Vj, j € q + Z, satisfying JqVj = jvj. The modules Sq and 5q+i are isomorphic. 
Additionally, one can consider the indecomposable go-modules So anc * So that likewise have a basis of weight 

vectors Vj, j G Z, satisfying Jqvj = jvj, but they are not simple. They are determined (up to isomorphism) by the 
following non-split short exact sequences: 

0 —* 9 —> So —* c(S) —>-0, 0 —* c(9) —* So —* S —* 0. (2.14) 

Inducing the go-modules 9. c(S) and 9 q (q f Z) therefore results in relaxed Verma modules for ©. The first 
two give the simple ghost vacuum module 9 and its conjugate c(S). respectively; the last gives new modules 9q 
which are also simple and satisfy 5q — S 4+1 ■ We may similarly induce the non-simple go-modules So and So to 
obtain non-simple ©-modules So" and So which are likewise determined (up to isomorphism) by the following 
non-split short exact sequences: 

O^S—>sj—>c(S) —»- 0 , 0 —> c(S) —> So —> S —>■ 0 . (2.15) 


3 . . . . 

There are other triangular decompositions, but they will not concern us here. Indeed, they may be obtained from those already mentioned by 
twisting with a so-called spectral flow automorphism, see da. 
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The affine Kac-Moody algebra si (2). We consider the universal vertex operator algebra of non-critical level 
k ^ —2 generated by three fields e(z), h(z) and /(z) satisfying the operator product expansions 

+2e (w) , , „ , , \ 2k 1 


h (z )e (tv) ■ 
h(z)f(w) ■ 


z — w 

-2 f(w) 

z — w 


h (z) h (w) ■ 
e(z)/(w) 


(z-w) 
-k 1 
(z-w) 2 


2 > 


h (tv) 
z —tv’ 


e(z)e(w) ~ 0 , 
/ (z)/ (tv) ~ 0 , 


(2.16) 


and no other (independent) relations. We denote this vertex operator algebra by V/,. The maximal proper ideal 
of V/, is non-trivial if and only if k is admissible. Moreover, this ideal is generated by a single primary field 
(singular vector) ED; we do not set this primary field to zero. Note that we have chosen the sl(2) basis {e,h,f} 
to be consistent with previous work, lfl 2 l in particular, where it was necessary to tailor the basis to the sl( 2 ;K) 
adjoint rather than the (more traditional) su(2) adjoint. This is reflected in the signs appearing in the formulae for 
e(z)/(w) above. 

With the usual Fourier expansions g(z ) = Ylnez8nZ ~ n ~ 1 , where g = e.h. f\ the commutation relations are 


\}hni&n\ —“t”2 Cm+n-t \hffl ■, hn\ —2/n(5 //; | fl i)k 1. —0; 

\hm : fn ] = 2 f m +nt \fm■ fn\ = n 0^1) [/fni/n] 9j 


(2.17) 


and these make span {e„,h n ,f„, 1 } into a Lie algebra which we denote by si(2). Once again, we assume that the 
unit 1 £ i((sl( 2 )) acts as the identity on each sl( 2 )-module. 

The standard conformal structure of V^. is uniquely determined by requiring that e(z), h(z) and /(z) are Virasoro 
primaries of conformal weight 1 (this structure exists for all k ^ —2). The Sugawara construction then gives the 
explicit form of the energy-momentum tensor as 

r (z) = ^ [\'-h(z)h(z)\ - :e(z)/(z): - :/(z)e(z):^ , (2.18) 

where t = k + 2. With T (z) = Y J „ e j J ^nZ~ n ~ 2 , one finds that the modes L n generate a copy of the Virasoro algebra 
with central charge c = 3 — 6 jt. The Lie algebra 0 spanned by the e„, /;„, /„, L„ and 1 is then conformally graded 
with Cartan subalgebra f) = span{/!o,Lo,l}. We have chosen the si(2) basis so that the sl(2;R) adjoint becomes 


= f-n; hl=h- n . 


(2.19) 


Again, the Cartan subalgebra consists of self-adjoint elements. 

The highest weight theory of si(2) is well known. The standard triangular decomposition splits the zero 
modes so that eo £ g+ annihilates highest weight vectors but fo £ 0 - need not. Then, the Verma modules V;_ 
are parametrised by the si(2)-weight (/zo-eigenvalue) A £ C of the highest weight vector because it follows from 
(12.18l > that its conformal weight is then given by 


Aa = 


A (A+2) 

4f 


( 2 . 20 ) 


These Verma modules need not be simple. The quotient module Vq/V_ 2 , where the submodule V 2 is generated 
by acting with fo on the (generating) highest weight vector of Vo, is the vacuum module; it carries the structure of 
the universal vertex operator algebra defined by (12. 1 6b . As with the ghosts, one can also consider the triangular 
decomposition in which fo annihilates highest weight vectors but eo need not[] The Verma modules with respect 
to this decomposition are then the conjugates w(V;_) of the Verma modules V^, where the (order 2) conjugation 
automorphism w sends e„ to —f n and h n to —h n . 

Because go = span {eo-ho-fo-Lo - 1} is non-abelian, it strictly contains 1), so the relaxed highest weight theory 
of sl(2) is strictly more general. We note that inducing from a 0 o-module reduces to choosing an sl(2)-module 


L\nd as with the ghosts, there are again other triangular decompositions that will not concern us here, being related to those discussed here by 
spectral flow automorphisms, see □am 
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because we require that 4tLo acts as Iiq — 2eo/o — 2/oeo (this is how 4tLo acts on relaxed highest weight vectors). 
The analogue of Proposition ^. 1 l is then the classification of weight modules for sl(2) (see ||50l . for example): 

Proposition 2.2. The simple weight modules ofs l(2) are exhausted by the following: 

• The (A + 1 ^-dimensional modules Lx, with A G Z>o- The module Lx has a basis of weight vectors w m , where 
m = A, A —2,, —A and liQW m = mw m . It is both highest and lowest weight. 

• The infinite-dimensional highest weight modules T>x, with A € C\Z>o- The module T>x has a basis of weight 
vectors w m , where m = A, A — 2, A — 4,. .. and how m = mw m . 

• The infinite-dimensional lowest weight modules w(D_x), with A G C\Z<o- Here, w is the Weyl reflection 
ofs l(2) that sends eo to —fo and h 0 to —h q. The module \Fi(T)_x) has a basis of weight vectors w m , where 
m = A, A +2, A +4,... and how m = mw m . 

• The infinite-dimensional weight modules 32^, ; a, with A, A G C satisfying 4t A p (p + 2) for any p G A + 2Z. The 
module has a basis of weight vectors w^, with p G A + 2Z, satisfying how^ = pw^. It is neither highest 
nor lowest weight. Moreover, there are isomorphisms (R^ ; a — 3^a+2;A- 

As with Proposition ^. 11 there are non-simple analogues of the when 4fA = p (p + 2) for some p G A +2Z. 
The structures of these indecomposables depend upon precisely how many p G A + 2Z satisfy this constraint ll50l 
and we shall defer their consideration until they are needed (Section l4~2l >. 

Inducing each of the simple si (2) -modules now yields relaxed Verma modules for si (2). More precisely: 

• Inducing Lx , where A G Z>o, results in the highest weight module /V_x~ 2 , where the highest weight vectors 
of \ 7 i and V-i .-2 are related by W-x ~2 = fo +1>V A- This induced module need not be simple; its simple quotient 
will be denoted by Lx- These simple modules are self-conjugate: vj(Lx) = Lx- 

• Inducing T>x , where A G C \ Z>o, results in the Verma module V;_; the simple quotient will be denoted by T>x ■ 

• Inducing w(D_^), where A G C\ Z<o, results in w(V_^); the simple quotient is w(33_^). 

• Inducing 3?^ ; a- with A, A G C satisfying 4rA 7 ^ p (p +2) for any p G A +2Z, results in a new relaxed Verma 
module that we shall denote by its simple quotient will be denoted by As above, there are isomor¬ 
phisms (R^-a = (Ra+ 2 ;A an d £/l;A — £a+ 2 ;A- Finally, the module conjugate to £^ ; a is £_2 , ; a- 

We emphasise that whereas the simple highest weight modules (and their conjugates) are characterised by a single 
parameter, the highest weight, the £^. A require two parameters in general. The three classes of simple sl(2)- 
modules Lx, 2 )x and w(I>_^), and £^ ;A are distinguished by their relaxed highest weight vectors: Lx has finitely 
many (A + 1 in fact); T>x and \n(D_x) have infinitely many, but theirsl(2)-weights are bounded above and below, 
respectively; £;_. A has infinitely many with no bound on the sl(2j-weights. 

3. The Wakimoto Free Field Realisation 

A free field realisation of si (2) for any level was constructed by Wakimoto in l20l . It shows that fields e(z), 
h (z) and f(z), satisfying the operator product expansions (12. 16b . may be constructed in terms of a free boson and 
a pair of bosonic ghosts. We review this and the screening operator formalism of free held theories, concluding 
by deriving explicit formulae, in terms of Jack symmetric polynomials, for certain (relaxed) singular vectors in 
(relaxed) Wakimoto modules over si(2). A corollary of this analysis is that for admissible levels, Wakimoto’s 
construction describes the universal vertex operator algebra V/. of si(2), rather than its simple quotient A] (u. v). 

3.1. The Wakimoto construction. There is a one-parameter family of realisations of sl (2) in terms of tensor 
products of the free boson and ghost fields. Given the operator product expansions (12.31) and (12.81) . it is straightfor¬ 
ward to verify that defining (we omit the tensor products for notational simplicity) 

e(z)=/5(z), h(z)=2: P(z)y(z): +aa(z), 

f(z)= '■ P(z)Y(z)y(z) : + cta(z)y(z) + —2)<9y(z) 


(3.1) 
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reproduces the si (2) operator product expansions d2.16b with the level k = t — 2 being related to the parameter a 
by a 2 = 2 1. Moreover, the sl( 2) energy-momentum tensor (12.18b and central charge then decompose as 

T(z) = T bos -(z) + T gh (z) = 1: a(z)a(z): - ^-da(z) - : P(z)dy(z): , 

i? (3.2) 

c = c bos + c g h = i_ +2 = 3--, 

a 2 t 

identifying a with the deformation parameter in the free boson conformal structure (12.5b . 


Definition. We define the Wakimoto vertex operator algebra to be the tensor product of the Heisenberg and ghost 
vertex operator algebras, equipped with the conformal structure given in (13.2b . 


Recall that when k is admissible, the universal si (2) vertex operator algebra is not simple, but has a unique maximal 
ideal that is generated by a single primary field (singular vector). One of the results of this section (Corollarv l3.2b 
is that this field is non-zero in the Wakimoto vertex operator algebra. 

The Wakimoto free field realisation endows the tensor product of a Heisenberg Fock space and a ghost module 
with the structure of an si (2)-module, by restriction. We refer to such modules as Wakimoto modules, distinguish¬ 
ing at least four types: 


• The highest weight Wakimoto modules W p = 'J p 0 3, recalling that S denotes the ghost vacuum module. 

• The conjugate highest weight Wakimoto modules c("W p ) = T p ® c(S). obtained by conjugating the ghost mod¬ 
ule. 

• The relaxed highest weight Wakimoto modules W p]q = fF p g) for <7 ^ Z. 

• The relaxed highest weight Wakimoto modules W * 0 = c S p ® Sq . 

The structure of the highest weight Wakimoto modules W p was determined in J4|. To the best of our knowledge, 
the relaxed modules W p;(/ have not previously been considered in the literature. 

Consider now the tensor product of a Heisenberg highest weight vector u p and the ghost vacuum v, denoting 

it by | /?) = M p g) v for convenience. The free field realisations (13.1b of the si (2) fields imply that | p} is an si (2) 

highest weight vector of si( 2 )- and conformal weight 

l p = a Pl A p = ] -p (p + ^j = ( 3 - 3 ) 


where we recall that a 2 = 2 1. Similarly, the tensor product | p\q) = u p 0 v q of u p with a relaxed highest weight 
vector v q for the ghosts is an si ( 2 ) relaxed highest weight vector of sl( 2 )- and conformal weight 


lp- q = ap + 2q, 


A P=~P[P + 


a 


(A m - 2 q) (A p- q -2q + 2) 
41 


(3.4) 


This shows that all the simple sl(2)-modules, highest weight and relaxed, may be realised as subquotients of 
Wakimoto modules. 


3.2. Screening fields and operators. We begin by recalling the construction of vertex operators for the free 
boson. For this, one extends the Heisenberg algebra by introducing a generator a satisfying 


— 1 ■ 


(3.5) 


The vertex operators y p (z), parametrised by /? € C, are then defined by 

a 


Y p (z) = eP a z pa ° n ex P (/ 

m> 1 


") exp (- 


P — Z 


(3.6) 


A standard computation shows that the vertex operators are free boson primaries of Heisenberg weight p and 
conformal weight jp [p + A), by virtue of the operator product expansions 


a{z)Y p (w) 


pY p {w) 


z — w 


nbos. 


(z)V p {w) ■ 


ip(p + i) y p( w ) , dtp{w) 


{z— w) 2 


z — w 


(3.7) 
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For later use, we record that the composition of k vertex operators is given by 


y P M)-v P M)= nfo- vr* ■ eE - M U 4 iao • n-p —fE^r ex p 

i<j 1=1 m>l \ 1=1 / \ m 1=1 

We now define the notion of a screening field. 


. (3.8) 


Definition. A screening field £}(w) for a vertex operator algebra V is a field, generally not belonging to V itself, 
which has the property that the singular terms of the operator product expansions of each of the generating fields 
of V with £}(w) are total derivatives in w. 


Our definition of a screening operator, in a moral sense at least, is then a vertex operator algebra module homo¬ 
morphism that can be constructed from screening fields. This means that a screening operator commutes with the 
fields, and hence the mode algebra, of the vertex operator algebra. The standard way of constructing screening 
operators is as the residues (zero modes) of screening fields; these are guaranteed to commute with all the vertex 
operator algebra fields, provided that the residues are well defined. Their chief application stems from the fact 
that they map (relaxed) highest weight vectors to (relaxed) highest weight vectors and thereby explicitly construct 
(relaxed) singular vectors. We remark that if the screening field is a Virasoro primary (excluding the identity field), 
then its operator product expansion with the energy-momentum tensor forces its conformal weight to be 1. 

The operator product expansions of the free field si (2) fields (13, 111 with a free boson vertex operator are easily 
computed to be 


e(z)V p (w)~ 0, h(z)f p (w) 


apY p {w) 


f(z)V P (w)' 


ap-V p {w)y{w) 


(3.9) 


z — w z — w 

For a vertex operator to be a non-trivial screening field, its Heisenberg weight would have to satisfy ^p(p + p) = 1. 
However, the above operator product expansions show that these vertex operators are not screening fields for si (2). 
However, the field i?(z) = /a( z )P(z.) is a screening field J4): 


e(z)J2(w) ~ 0, 


h(z)£?(w)~ 0, f(z)£i(w) ~-td w — rZ^LJ. 


(3.10) 


It follows that the zero mode 


I (311 > 

is a screening operator, whenever the contour around 0 actually closes. This will be the case when acts on a 
state for which the relevant Fourier expansion of J2(z) has only integer powers of z. Equivalently, JS^ 1 ■ has a well 
defined action on a given state if and only if the operator product expansion of J2(z) with the corresponding field 
is a Laurent series. For example, only acts on | p) = u p 0 v, the tensor product of a Heisenberg vacuum u p 
with the ghost vacuum v, when p = \ma, m £ Z, because 


£{z)V p {w) = y_ 2 /a(z)^W^z) 


(z — w) 2p ! a 


(3.12) 


This shows that the screening field =2(z) only defines module homomorphisms, hence constructs singular vectors, 
for certain vertex operator algebra modules. 

To construct more module homomorphisms, it is natural to consider products of screening fields. To check that 
such products also yield screening operators, it is convenient to use the language of differential forms. Suppose 
then that j(z) is a vertex operator algebra field and that c S,(w,) is a screening field, so that 


[j„,^i(wi)dwi] =d Wi 3 g i(wi)dw i =d3 g i (wi), (3.13) 

for some (n-dependent) .S^,(vv,). Then, 

[jn , =2i (wi) dviq A ^2(^2) dw 2 ] = d^! (wi) A ^2(^2) dw 2 + =S 1 (wi)dw 1 Ad^^) 

= d(£P\ (wi) i? 2 (w2) dw 2 — (wi) dwi ^’ 2 (^ 2 )) (3.14) 
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is exact, hence the commutator vanishes upon integrating over a closed cycle. The generalisation to more than two 
screening fields is immediate. 

We therefore ask the question of when there exists a closed cycle over which some given product of the screening 
fields , S(z) = T^_2 /a( z )P{z) can be integrated to define sl(2)-homomorphisms. We introduce the shorthand 

(z) = (Zi ,... ,Zk) = £(zi )■■■ 2{zr) (3.15) 

and consider the action of this product of screening fields on the Wakimoto module W ; , whose Heisenberg highest 
weight is p . Using (13.8b . this action can be written in the form 


= n te-=y) 4, “ a -U 


-'Ipj a 


1 <i<j<r 


i= 1 


m> 1 


n ex P ( ~a Pm ) ex P 


~ ( \ m 

Pm (z) 

a m 


•n m 


i= 1 


w 


(3.16) 


p—2r/(X 


where p m (z) denotes a power sum and the overline p m (z) = p„, (zj -1 ,... jZ^ 1 ) denotes variable inversion (see 
Appendix |A] for our conventions for power sums and other symmetric polynomials). The action of (z) on the 
other Wakimoto modules with Heisenberg highest weight p, for example the relaxed highest weight module W p;9 , 
is identical — the ghost weight q is not changed. 

Up to an unimportant phase factor, which we suppress, the first two factors on the right-hand side of (13. 1 6b are 


n fe-v> 4/ “ ! nu , ’ / “= n (i-f9'"-n4' 

-i<i<r i= 1 1 <i4j<r i=l 


-\)2/a 2 -2p/a 


(3.17) 


1 <i<j<r 


l<¥j<r 


where we recall that or = 2 1. The second factor on the right-hand side of this expression therefore isolates all 
the (potential) non-integer powers of the z,- in (13. 1 6b . hence a closed cycle over which J3 r - (z) may be integrated 
will exist precisely when the common exponent of the z, in this factor is an integer, ,y r Z say. This requires the 
Heisenberg weight p of the Wakimoto module W to have the form 

r— 1 sa 


Pr,s = 


a 


—reZ>i, 


se z. 


(3.18) 


(3.19) 


We remark that the multivalued function 

rfco= n (i-r)'"' 

appearing on the right-hand side of (13. 1 7b . is just the integration kernel of the inner product (IA. 1 8b with respect to 
which the Jack symmetric polynomials are orthogonal. Setting p = p rs , (13.161 1 now takes the form 

' 2 - 


^ W (z) 


w 


Pr,s 


=G r (z;t)n4-n ex p(~p»(^ 


i= 1 


m> 1 


exp 


Pm (z)- 

a m 


■nm 


w 


(3.20) 


P—r,s 


Again, the action on W Prs -^ is identical except that the right-hand side now acts on W p _ rs ^. 


3.3. Singular vectors. The existence of cycles over which the product (z) of screening fields may be inte¬ 
grated follows from the same arguments used in the analogous question for the free field realisation of the universal 
Virasoro vertex operator algebra, because the multivalued function G,-(z;f) is the same in both cases. This question 
was answered for the Virasoro case (see Theorem IA.4l i by Tsuchiya and Kanie ll26l to whom we refer for further 
details. We will use the cycles [A,-] that they construct in what follows, but normalised so that 



(3.21) 


We mention that there are various explicit constructions of cycles, over which screening operators can be inte¬ 
grated, in the conformal field theory literature, but that the symmetric function literature uses different construc¬ 
tions again. However, Cohen and Varchenko ED showed that, up to normalisation, there is only one non-trivial 
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homology class of cycles when the integrand is G r (z;f ) times a symmetric function, bar some restrictions on t, and 
thus the various constructions in the literature are all essentially equivalent]^ 

The normalised cycles [A,-] let us construct sl(2)- horn o mo rp h i s m s (screening operators) from the products 
J3 r - (z) of screening fields. Our aim is to use these homomorphisms to explicitly construct singular vectors in 
(relaxed) highest weight modules over si (2) using symmetric function technology (we refer to Appendix lAl for a 
primer on what is needed). Of course, we need to verify that the screening operators are not just zero maps. 

To this purpose, we introduce an algebra isomorphism p§, for each 8 £ C*, from the algebra A of symmetric 
polynomials in infinitely many variables to the universal enveloping algebra ilf)_ of the negative subalgebra of the 
Heisenberg algebra. This isomorphism is given, on the power sum generators, by 


Ps(Pm(y)) = <Sfl- 


(3.22) 


For convenience, we will always take p§ to act only on symmetric polynomials of the variables y,. For the ghosts, 
we analogously define injective linear maps a, and a, from the algebra A, of symmetric polynomials in r variables 
to the ghost universal enveloping algebra if©. These maps are defined on the basis {g' v : £ (v) < r} dual to the 
symmetric monomials m v by 

a r (g' v (x)) = /3-v,-i ••■/3- Vr -i, (g'v M) = P-v, ■■■P-v r - (3.23) 

We will only take these maps to act on symmetric polynomials in the x,-. Here, the partition v may have length £{y) 
strictly less than r; in this case, we pad the partition with zeroes so that the images ay(g(,) and o r (g' v ,) are padded 
by j3-i or /Jo, respectively, so that the right hand sides of (13.23l > each consist of r factors. 

With these maps, we can prove that the (z) yield non-trivial screening operators and derive explicit formulae 
for certain (relaxed) singular vectors of the (relaxed) Verma modules over si (2). 


Theorem 3.1. Let r £ Z>i, s £ Z and t € C* and suppose that d(d + l)/f ^ Z and d(r — d)/t ^ Z, for all integers 
d satisfying 1 <d < r — 1. Then, 

= [ =2^ (zi, —, z r ) dzi • • • dz,- (3.24) 

■HA r] 

defines non-trivial sl(2)-module homomorphisms between (relaxed) Wakimoto modules: 


3 [r] : 


Pr,s 


3 ^: W 


Pr/.q 




r,q- 


(3.25) 


In particular, if \p r ,s) = u Prs ® v and \p r /,q) = u Prs 0 v q , where u p denotes the Heisenberg highest weight vector 
of weight p, v denotes the ghost vacuum and v q denotes a ghost relaxed highest weight vector of weight q(f%, then 


£ [r] \pr,s)= | 

f (P—a ° O’/-) 

(«!<- 

-1)'] (*>?)) 

^2 

1 

O 

ifs < -1, 

(3.26a) 

1 ° 




if s > 0, 


. **i . 

on 

ii 

f (P—a ° O’/-) 


(^y)) \p- 

r,s',q) 7 ^ 0 

if s < 0, 


\ [ s J 

(3.26b) 


1 ° 




ifs > 1, 



where Q' v denotes the symmetric polynomials dual to the Jack polynomials (see Appendix [All. The -images of 
\Pr,s) (\prfiq)) in Wp (W p _ are therefore (relaxed) singular vectors, for s < —1 (s < 0). 


Proof We first show the non-triviality of Let (p~ r ,s\ an( J (p-rfiq \ denote the functionals dual to \p~r,s) an d 
| P-r/,q), respectively. Then, it follows from the ghost commutation relations (12.1 lb and adjoint (12.13b that 

( v ? I I s>l,?eC. (3.27a) 

i= 1 i=l 


^It is because of these minor restrictions on t that we state our choice of class of cycle explicitly. These restrictions are only relevant for the 
precise statement of Theorem 1 3. II A more detailed understanding of these cycles is not required for reading the remainder of this article. 
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Replacing the relaxed highest weight vector v q by the ghost vacuum v gives the same result, but for s > 0 (because 
/3o annihilates v): 

(v I flmM = (-l)V!(v | s> 0. (3.27b) 

i= 1 i= 1 

The non-triviality of on W Prs , for ,v > 0, now follows from (13.20b and the normalisation of [A r ]: 


(P-r,s\<£ [r] f-s\Pr,s) = [ G r {z;t)fl^r(P- 
J \ A r\ i= 1 


i= 1 


|p-r,i)dzi •••d Zr 


= (—l) r rl(p-r tS | P- r>s ) [ G r (z;t) —- - 

J [A r ] Z\ ’ ’ ’ Zr 

= (—^Y r] -( P -r,s | P-r,s) 7 ^ 0. (3.28a) 

Here, we note that the a m and a m , with m > 1, appearing in (13.201 ) annihilate (p~ r ,s\ and \p r . respectively. A 
similar calculation gives the relaxed version for s > 1: 


(p-r/,q\£>^Y_s\pr/,q) = (-1 ) r r\(p- r /,q | p-r/,q)^ 0. (3.28b) 

We note that the conformal weight of \p- r . s ) (| p- r /,q)) is greater than that of \p r ,s) (| p r /,q)) by rs. It follows 
that | p r j) = 0 (^W | p r /,q) = 0) for all s > 1 because is an sl(2)-module homomorphism and hence it 
preserves conformal weights. 

We settle the non-triviality of =2^ for the remaining values of s by explicitly computing the image of the 
(relaxed) highest weight vectors \p r ,s) and | p r /,q). In the former case, we obtain 


|,v> = L g ' {z ' j) W‘ ' 5 exp ("^ p " (z) ^ 

= / G.fcom n«p^ 2p " (z) “ 

J 1 A /-J i= 1 m> 1 


r 

■Y[P(Zi)\p- r ,s)dzi---dz r 

i= 1 

E P-Vi-I ■■■P-v r -imv(z)\p-r,s)dzi ■■■dzr 
V : C(v)<r 


= [ Gr{z',t)Y\z\ ■ P-a 

J l A r] i=j 

J lAd i= 1 


n«p 7 

m> 1 \ 1 


1 P/77 (y) P/77 (^) 


E g'vW m v(z) 

v : C(v)<r 


> o r ) E[ exp 

\m>\ 


1 (p (at) + P ,n (j)) P m (z) 


| P~r,s) 


) \P-r,s)dZ\ •••d < > 

dzi ■ • • dz r 

ZV--Zr 


(if 5 = 0, this vanishes, in agreement with (I3.26ab . as the powers of the Zi in the integrand are all positive) 


= E ( P [(-l-5)1 W ’ P V (*)) (P-a ° a >) (Qv (*>?)) | P-r,s) 

V : t(v)<r ‘ 

= (p~a o Or) (Q[(_ 1 _ i) r ] (x,y)) | p-r,s)- (3.29a) 

Here, we have used the finite-variable version of (1A.16I) to rewrite the sum over the symmetric monomials m v and 
their duals g' v as a product of exponentials of power sums. Then, we note that p,„ (x) + p m (y) is the power sum 
Pm (x.y) in both x,- and yj variables and use (1A. 161) again to expand the product of exponentials in terms of Jack 
polynomials and their duals. Finally, we use Proposition |A3] to identify f] 1 z i 1 ' as a Jack polynomial in the z- 1 , 
then apply the orthogonality of Jack polynomials, and lastly note that the Jack polynomial norm follows from the 
normalisation of [A,-]. For s < — 1, the result is non-vanishing since p a and a, are injective. This proves the 
non-triviality of on W Prs for all s £ Z, as well as (13.26al) . 

A similar computation in the relaxed sector results in 


2p “ <z) “ 

J l A r] i= I m>l 

= / Gr(z;/)r[zMl ex P 

J l A d i= 1 m>l 


a m 

-2 p,„ (z)a- 

a m 


■Y[P(zi)\p-r/,q)dzvdz r 


1=1 


■ E P-vr ■ ■ P-v r ™v(z)\p-r/,q) 

V : t(v)<r 


dzi • • • dzr 


Zl ■ ■ ■ Zr 
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= (p_« O Or) (x,y)) | p-r/,q), (3.29b) 

which is likewise non-vanishing for s < 0 as p a and < 7 , are injective. This proves (13.26bl) and the non-triviality of 
cgM on W Prs - q , for all s£ Z. ■ 

Suppose now that the sl(2) level k is admissible: t = k + 2 = ij, where u £ Z >2 and v € Z>i are coprime. The 
sl(2) vacuum may be identified with the Wakimoto highest weight vector |0) = |pi,o) = \p-u+i-v) £ Wp_ a+1 v 
(we note the symmetry p rs = p r + u ,s+v )■ Theorem l3 .1 I then guarantees that the si (2)-module homomorphism £Y U ~ 1 
acts non-trivially on | p u -i- v ) to give a non-trivial singular vector in the vacuum module. The corresponding field 
then generates the non-trivial proper ideal of the universal vertex operator algebra, proving the following result: 

Corollary 3.2. The universal vertex operator algebra V^. of si (2) at non-critical level k —2 may be realised as 
a subalgebra of the Wakimoto vertex operator algebra. 

This is, of course, obvious if k is not admissible. What it means in the admissible level case is that calculations 
requiring the singular vector of the vacuum module of si( 2 ) may be equivalently carried out in the free field 
realisation using Jack symmetric polynomials. 

4. Classifying admissible modules 

In this section, we specialise to admissible levels k = t — 2, where t = and u € Z >2 and vS Z>i are coprime. 
Then, the universal vertex operator algebra V* of si(2) is not simple and the unique maximal proper ideal is 
generated by the field that corresponds to the singular vector of the vacuum module (see Section 12,2b . As we 
saw in Theorem [3J] and Corollary 13. 21 the vacuum module may be constructed as a submodule of the Wakimoto 
vacuum module Wo and its singular vector is then explicitly given by \p u -\-v)- 

Quotienting by this maximal proper ideal, that is, setting the singular vector ^ u ~ 1 >\p u -\ _ v ) to zero, amounts 
to replacing the universal vertex operator algebra V* by its simple counterpart A| (u. v). Our aim in this section 
is to use the explicit expression for the vacuum singular vector to classify the possible (relaxed) highest weights 
and thereby determine the spectrum of Ai (m, v)-modules. By Corollary 13.21 these calculations may be performed 
in Wakimoto’s free field realisation. More specifically, we will use symmetric polynomial technology to compute 
a generator of the annihilating ideal in Zhu’s algebra. For readers unfamiliar with Zhu’s algebra, we refer to 
Appendix |B] for motivation, basic definitions and a very short primer. 

An old result of Frenkel and Zhu [l52l states that Zhu’s algebra Zhu [V*] for V/ is nothing but the univer¬ 
sal enveloping algebra ilsl(2) of (non-affine) sl(2) (see Proposition IB. 3I >. By Proposition IB.21 Zhu’s algebra 
Zhu [A] (m,v ; )] for the quotient k\ (m,v) is then the quotient of if si (2) by the annihilating ideal generated by the 
representative of the singular vector |pk-i,- v ). Since Zhu’s algebra is filtered by conformal weight, whereas 

the conformal weight of e(z), h{z) and f{z) is 1 and the conformal weight of the singular vector is (u — l)v, it fol¬ 
lows that the image of the singular vector in Zhu[\4] is a polynomial in the sl(2) generators of total degree at 
most (u — 1)v. Furthermore, as Zhu’s algebra is just the algebra of zero modes acting on relaxed highest weight 
vectors, the polynomial corresponding to the singular vector can be determined by evaluating the zero mode of 
the singular vector on general relaxed highest weight vectors, as in |[53l . since this is equivalent to evaluating the 
polynomial at infinitely many points. 

However, the sl(2)-weight of the vacuum singular vector \p u -\,- v ) is K- i,-v — i_ v — 2 (m 1 ), 

which means that the corresponding field and its zero mode shifts the si( 2 )-weight of any relaxed highest weight 
vector upon which it acts by this amount. It is far more convenient to work with a field that does not shift sl(2)- 
weights and so we instead consider the field corresponding to the sl( 2 )-weight 0 vector 

fl X & u ~ X ]|p B _i,_v> = &"-^fl X \p u -^- v ) 

= ku-l-v — 1) ■ • • M +2)£}^ U '[pu-l-v). 


(4.1) 
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Since u > 2, we may renormalise this vector by dividing by the non-zero A w _i_ v -dependent factors on the right- 
hand side. The field corresponding to this renormalised vector is then 


XM = [ i1 (zi+w,...,z h _i+w)7 ^_ 1 _ v (w)7(w)“ 'dzi 

J [A r ] 

= [ V-2/a fe + w) • • • 7-2/0. fe«-1 + w) Yp u ^ _ v (w)/3 (zi + w) ■ ■ ■ /3 (Zu- 1 + w) 7( w) u ~ 1 

j [A,-] 


dzi • • -dz„_i. 


(4.2) 


We note that e q 1 acting on the vector /q 1 | i _ v ) gives a non-zero multiple of the singular vector 

^[«-t]| 

p u - 1 - v ). It follows that the annihilating ideal that we obtain from x( w ) will be the same as that which we 
would have obtained if we had instead worked with the singular vector directly. 


4.1. Admissible highest weight modules. In this section, we will evaluate the action of the zero mode of x( w ) 
on a general highest weight vector before moving on to the evaluation of %(w) on relaxed highest weight vectors. 
This highest weight computation will not yet yield sufficient information to determine the image of x( w ) i n Zhu’s 
algebra Zhu [V*] as a polynomial in the sl(2) generators e,h and /, but it will constrain the weights of admissible 
highest weight vectors to a finite set. 

Every highest weight vector of \4 may be realised as a highest weight vector of some Wakimoto module W p . It 
follows that the Heisenberg weights p of the admissible highest weight vectors of si (2), that is, the highest weight 
vectors of the Ai (h,v) -modules, are zeroes of 

(p\x(w)\p)= f (up,y-2/a(.Zi+w)---y_ 2 /a{Zu-l+w)y pu _ l _ v {w)up) 

J [A,-] 

• (v , P {zi + w) ■ ■ ■ P ( Zu -1 + w) 7(w )"“ 1 v) d; 1 ■ • • d-;„_ x . ( 4 . 3 ) 


The ghost contribution is easily evaluated by computing the operator product expansion of the ghost fields. Since 
v is the ghost vacuum, only the fully contracted part of the operator product expansion contributes: 


(v,/3(zi+w)---/3(z„_i +w)y(w)“ 1 v) = (v, : p(zi + w) ■ ■ P{z u -i +w): : 7 (w)---y(w): v) 

(—1)“- 1 (m — 1)! 

Zl * * ’ Zu— 1 

The contribution from the free boson part of the Wakimoto realisation is likewise easily determined. Up to non-zero 
constant factors, which obviously do not affect the zeroes of (p\x{ w ) \p), this contribution is 


<v,v>. 


(4.4) 


(u p ,y~2/a{zi +w)---'fL 2 /a(Zu-l +w)%( u -\)/a{ w ) u p) 

= n (Zi - z;) 1A • fife + w)~ lp/a z^ 2< ' l, ~ 1)/t ■ W 2 (“-1 W a (u p ,u p ) 

i= 1 

u r] "zi / 7; \ -2 p/a 

= G u -i{z\t)Y[zi v -n(l + “) (u P ,Up), ( 4 . 5 ) 

i=t i=i v w/ 

where we have used (13,8k noting that all the terms involving the a„ with n / 0 either annihilate the Heisenberg 
vacuum u p or its dual, and recognised the kernel of the symmetric polynomial inner product from (13.19k 

Putting these contributions together, we find that the admissible Heisenberg weights of an si (2) highest weight 
vector (in the Wakimoto free field realisation) must satisfy 


0= (p\xM\p) 



~ 2 p/a dci■• • dz «-1 

Z\ ••• Zu— 1 


<p|p>. 


(4.6) 


where we have recognised the product of the Zi as a Jack polynomial using Proposition I A.5| ( recall that the overline 
indicates a symmetric polynomial in the inverse variables z- 1 j. We have also, again, neglected an overall non-zero 
constant factor. This expression has the form of an inner product for symmetric polynomials; to evaluate it, we 
only need to decompose the product over i into Jack polynomials. For this, we use specialisation in the form given 
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in (IA.28b with x,- = —Zi/w for i < u — 1, x,- = 0 for i > u — 1, and X = ap\ 
u -1 , 7 .\-2p/a i'_i'il T l 

n ( 1 + ^) = E p r (“* 1 M ■ ■ ■ 1 -Z«- 1 /w, 0 , 0 , ...) S ap (Q' t (y)) = vt ,| T | P'r (z) E ap (Qr M) ■ ( 4 - 7 ) 

Here, we have also used the homogeneity of the Jack polynomials (|t| is the sum of the parts of the partition t). 
Using the orthogonality of Jack polynomials, (1431 now becomes 

0 = E W "(P^.PiX -ap (Qt O')) = w ^ ^P[v“- 1 ]!P[v“- 1 ]) ; “«P (Q| v "- 


(Qt (v] \ ltv T-r ccp + ta'(b)-l'(b) 


(m— l)v + 1) 0 1) 


(4.8) 


}=i }=i f ( v —j + 1 ) 

where the result of specialising the dual Jack polynomials Q' r is given in Proposition lA.5l (or (1A.28M and the arm 
and leg (co)lengths of ( I A. 21 are easy to determine for the rectangular partition [v“ 1 ]. As the denominators of the 
factors appearing in this expression are all strictly positive, we arrive at the constraint 


n n ( a p+- o - 1 ))=n n («p - a Pu )=°- 

1=1 y=0 i=l 7=0 


(4.9) 


This proves the following result: 


Proposition 4.1. Let X rs = X Prs = ccp rs = r—l—ts. Then, every highest weight vector of an Ai (m , v) -module has 
sl (2 ^-weight of the form X rs , where r = 1 , 2 ,... ,u — 1 and s = 0,1,..., v— 1. 

Note that when v = 1, so that k = t — 2 = u — 2 £ Z>q, the allowed sl(2) -weights A r:S = A r o = r — 1 belong to the 
set {0,1,... ,k}. These are, of course, the highest weights of the integrable sl(2)-modules and are well known to 
be the Ai (k + 2, l)-modules that arise in the Wess-Zumino-Witten models defined on the Lie group SU (2). 

At this point, we cannot say whether all these highest weight vectors do actually appear in an Ai (u, v) -module. 
For this, we need to work out the constraints on an arbitrary relaxed highest weight vector because it is these 
constraints which allow us to write down the generator of the annihilating ideal of Zhu’s algebra. It is, however, 
well known that the Verma module V;_ j v , with r = 1,2,... ,u— 1 and s = 0,1,..., v— 1, has infinitely many linearly 
independent singular vectors; however, none have si( 2 )-weights belonging to the allowed set except the generator 
of sl(2)-weight A,-, s . It follows that there are only finitely many highest weight A] (m, v)-modules: 

Corollary 4.2. Every highest weight A\ (u.v'j -module is isomorphic to one of the simple si (2 fmodules or 
D% rs , where r = 1 , 2 ,... ,u — 1 and s = 1 , 2 ,..., v — 1 . 

Again, we have not yet proven that all these V/.-modules are actually A] (u, v) -modules. However, it is germane to 
point out, at this point, that these highest weight modules are precisely the admissible modules first discussed by 
Kac and Wakimoto 0 - 


4.2. Admissible relaxed highest weight modules. We now turn to the more intricate, but ultimately more re¬ 
warding, analysis of the relaxed highest weight modules of Ai (u 1 v). The goal is to determine the image of the 
field x(w) in Zhu’s algebra Zhu[\4] = itsl(2) as a polynomial I uv (e,h,f) in the si(2) generators. Here, we 
identify the sl(2) generators e, h and / with the images of e{z), h(z) and f(z), respectively, in Zhu[\4]. Since 
Zhu’s algebra is nothing but the algebra of zero modes acting on relaxed highest weight vectors (Appendix [B]), 
/„ :V (e,/7,/) is identical to the polynomial /„,v(eo,/Jo,/o) that describes the action of the zero mode on relaxed 
highest weight vectors. We remark that as the sl(2) -weight of %(w) is 0, the polynomial 7„. v may be expressed as 
a polynomial in ho and the Virasoro zero mode Lq. 

So as in the previous section, we evaluate matrix elements containing the field %(w), but this time the “bra” and 
the “ket” will be relaxed highest weight vectors from a general relaxed Wakimoto module: 
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{p',q\x{w)\p',q) = / (u p , y~ 2 /aUl + w) ■ ■ ■ V- 2 /aiZu-l + _,,(w) U p ) 

j[ Ar] 

■ (v q , ■■ p{zi+w)---P(z u -i + w): :y(w) u ~ l : v q )dzi---dz u ~i- (4.10) 
We recall that v q satisfies Jov q = YofioVq = qv q . 

The contribution from the free boson is exactly the same as in the non-relaxed case and was given in (14.51) . 
The ghost contribution, however, requires more work. Wick’s theorem lets us write this contribution in terms of 
contractions and normally-ordered products: 


(v q , : j3 (zi + w) ■ ■ ■ p (z u - 1 + w): : y(w)“ 1 : v q ) 

= e nu ■ <»«■ v.) (4.1D 

/C{1....,«-1} W 1 PI )■ iei i<£i 

Here, each factor of — z ^ 1 is the contraction of /j (z, +w) and y(w) and the factorials count how many such con¬ 
tractions are needed. As relaxed highest weight vectors are not necessarily annihilated by j3o, the normally-ordered 
factor is quite non-trivial: 

(v q , :TlP& + w )-r( w ) U ~ t ~ W : v i) = (v.^ H/| ^ H/| v 9 )nfc+-)^ 

i$I i$I 

'u — 2 — |/| + q 5 


= ( M - 1 - |/|)! ( M m ^ j ^1 + rKz, + w) \v q ,v q ). (4.12) 


Up to an overall non-zero constant factor, the total ghost contribution is therefore 




iei i$i 


= nfe+»r' E(-i)' Y " 2 " +q 

1=1 77=0 


u — 1 — n 


, , w w 

e„ ( 1 H-,..., 1 H- 

zi Z u -1 


“- 1 4 7 . x-i "- 1 

.'+*) -EH)' 

77=0 


u~ 1 , 

Q(' 


u — 2 — n + q\ ^4 fu — 1 — m 


u — 1 — n 


777=0 


(4.13) 


where e,„ denotes the m-th elementary symmetric polynomial and we have used the identity 

,44 (u — 1 — m\ 

e„(l+xi,...,l+x„-i)= > e m (x) 

‘—‘r, \ n — m / 

to get from the second to the third line. 

Combining this with the free boson contribution (14.5b . the matrix element (14. 101 ) is thus proportional to 

“- 1 “- 1 - Zi \-2p/a-l 


(4.14) 


/ i C.-,fc0n; M -n(it2 

■'[A] ;=l i=l ' w 


“ 1 , f u — 2 — n + q\ 4k fu — 1 — m 


•Et- 1 )' 1 

77=0 


u — 1 — n 


E 

777 =0 


e,n (z) 1 


dzi ■■d;„i 
Z\ '' ' Zu— 1 


u — 1 




where we recall that elementary symmetric polynomials are examples of Jack polynomials (Proposition IA.5I) . 
Using (IA.25I ) and specialisation as in (TO . but with X = ap + t, this reduces to 


u — 1 


E(-o* 

77=0 


„(u-2-n + q\ 44 (u-\-m\ „ (- 1 ) |t| / 


LI — 1 —II 


777 =0 


W 


W I 


M 


(z) , ( z )/ t “ap+f (Qt GO) 


u — 1 


u— 1 


= E(-0" 

n =0 


n fu — 2 — n + q\ 44 /« — 1 — m\ (— 1 ) 1^1 . 


u—\—n 


E 

777=0 


/i — m / w 1 


<^(0.^(0),“ ls «P+»(Q^(y)) 


i/lMl-m 
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= w -(«-i)(v-i)y Uu-2-n + q 

n=0 


u — 1 — n 


y -1 ^_yyn+n 
m =0 


u — 1 — m 
n — m 


u— l 


[im] (z) , P[lm] (z)y^ —ap+r (Qp (y)) > (4.16) 


where fi = [(v— 1)" + [l m ] = [v'”,(v— 1)“ 1 m ] and \p\ = (u— l)(v— 1) + m. In the last step, we have used 

(1A.25I) again and the definition ( IA. 181) of the symmetric polynomial inner product. 


Pronosition lA. 51 gives the norm squared of P'.,„ = e,„ and the specialisation of Q' 


U — 1 




u — 1 


n 


t + m — i 


1 1 + u — 1 — i 


(4.17a) 


Zap+t (Q'p (>’)) — n 

j =1 


4A ap + tj-i+l ap + tj-i + l 

7=1 2 m-! 1 ) , 2u-\-i-tj 


n 

i=l 


ap + u — i +1 


t + m — i 


u — 1 v—1 m— 1 

n • n («p+ m - o 

r= \ S— I i—0 


u — 1 v— 1 m— 1 u — 1 m 

nn(2»- i -«--»(/-i))-n(2(«- i )-o- n (f+M-i-o-n( /+w ~o 

i=l 7=2 *=0 i=m+l i=l 

(4.17b) 

Here, we have assumed that v > 1; if v = 1, then the denominator of (14. 17bl) is just j~['”_ | (t + m — i). Noting that 
the double product in the denominator of (14. 17bb is a constant, independent of m , n, p and q , the matrix element 
(14. 101 ) is thus proportional to 


u — 1 v— 1 u— 1 

nrw-^E 


=i 5=1 


n=0 


u—2—n+q 

u—l—n 


\m+n 


u — 1 — m\ f u — 1 


E(-D 

m =0 

U — 1 V— 1 II — 1 

=nn^^)E 


m— 1 


-p -r ap + u — i 
|=o 2 (m — l) — i 


<7 — 1 ^ f u—l+£ 
u — 1 


ap + u 
u — 1 — £ 


(4.18) 


r—l s—1 e=o 

where in addition to suppressing the denominator we have also suppressed an overall non-zero constant factor that 
arises when simplifying the binomial expressions. 

The double product in this expression can be interpreted by noting that 


(Xp X rS ) (X p Xu—fy—s) - 4/ (A /; +>\s) - 


\s — Ap rs — 


[r — ts) 2 — 1 (vr — us) 2 — i 


(4.19) 


4 1 4 uv 

by (13.41) . If we define K(u,v) to be the set of pairs (r,s) G {1,... ,h — l}x{l,...,v — 1} with (r,s) and (u — r,v — s) 
identified, then the matrix element (14.101 ) is given by 


/ i , m \ -i—r , . . , A (u— 1 + £ 

{P',<l\x(w)\P',q) =const- || (A p -A rjS )-2^ 

(r,s)GK(u,v) 0 


U — 1 


ap + u 

M — 1 — 1 


(4.20) 


In order to use this to find a generator of the annihilating ideal in Zhu’s algebra, the sum factor in (14.20b needs 
to be expressible in terms of sl(2j data. To demonstrate this, we define a function / of u , p and q by 


LI — 1 


fp;q(u ) — E 
e=o 


q—l\fu—l+t\f ap + u 


u — 1 


u — 1 — 


(4.21) 


For small values of u, it gives polynomials in X pUj and A ;J : 

fp,q( 2) = ^-p\qi /p;?(3) = ^X p . q — tA p , fp\q{ 4) = y ^q>-,q + — ^ p,q ■ (4.22) 

Of course, a = y/2t = y/2u/v also depends upon u, but may be regarded as an independent variable for the 
following analysis because of its r-dependence. 


Proposition 4.3. For each u G Z>o, f p -,q(u ) is a polynomial in X p:q and A p that satisfies the recursion relation 


fp,q{ u + 2) — 


(2u + l)X p - q 4fA p —(n—l)(n + l) 


(m + l) 2 


fp-,q{u +1) 


(n + 1 ) 


fp-,qi u )- 


(4.23) 
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Proof. We apply Zeilberger’s creative telescoping algorithm, see m for background. If we set 


Fp-q(u,£) = 


q-\ 


u — 1 + ( 
u — 1 


ap + u 

14 — 1 — I 


(4.24) 


then the algorithm constructs the recursion relation 

((ap+ l) 2 -u 2 )F p;9 (u,£) - (2u + l)X p - q F p . q (u + l,£) + (u + l) 2 F p:q (u+2,£) = G(u,£+l)~ G(u,£), (4.25) 


where G(u,£) 


R(u,£)F p;q (u,£) and 


R(u,£) = 


2£ 2 (^ap 4- 1 H~ £) (2it 4~ (2ccp 4- 3)u 4~ cep d - 1) 
u(u — £)(u — £ + 1 ) 


(4.26) 


Summing this recursion relation over £ then yields (14.23l >. upon noting that (ap +1 j 2 = 4tA p + 1. Since fp- q (0) = 0 
and f p -,q( 1) = 1, it follows from (14.23b that f p -, q (u) is a polynomial in A p;p and A p , as claimed. ■ 


Let g llA ,( A, A) denote the polynomial for which f p -, q (u) = g uy (Xp- y q,A p ) and let 

4,v(A, A)= n (A-A,.,)-g M;V (A,A). (4.27) 

(r,s)€K(u,v) 

It is a simple corollary of (14.221) and (14.231 ) that g u v has degree n — 1 as a polynomial in A. If we regard A as having 
degree 2 , then the total degree of g uv is also u — 1 and that of I u v is therefore [u — l)v. 


Theorem 4.4. Zhu’s algebra of A\ (m, v) is given by the quotient 

Zhu[A,( M ,v)l = / il5 5 2 ls . 

L U n (l u , v (h,T)) 

where T = jj(^h 2 —ef—fe) denotes the image ofT(z) in Zhu[V,t] =ilsl(2). 


(4.28) 


Proof. As noted above, the ideal of ilsl(2) by which one quotients to get the Zhu algebra Zhu[Ai (n,v)] is 
generated by the image of the null field x(z). This image is a polynomial in e, f and h of total degree at most 
(u — l)v. We have evaluated the action of the zero mode of %(z) on a continuum of relaxed highest weight vectors 
and thus the image of %(z) in Zhu’s algebra is, up to non-zero constant factors, equal to the polynomial l UA (h. T) 
of total degree (u — l)v. ■ 

Before we can use this presentation of Zhu’s algebra of Ai (m, v) , we need to know a little more about the zeroes 
of the polynomial g uy . 


Proposition 4.5. For each u £ Z>|, the polynomials g uy (X, A,-o) evaluate to zero when r = l,2,...,n — 1 and 
X =r — \ ,r — 3,...,— r + 3,— r+1. 


Proof. This is trivial for u = 1 as there are then no r or A to check. For u = 2, (14.221) gives go.viX-A) = A and we 
need only check r = 1 and A = 0. We may therefore assume, inductively, that the statement of the proposition is 
true for gi yV ,g 2 v> ■ ■ ■ >8u+ i,v Then, the recursion relation (14.231) shows that 


§u-\-2 y v (A, A^o ) 


(2m+1)A m a a 

(u+ 1)2 <?“+!,v(AAo) 


4rA,o — (u — l)(n + 1) 
(u + l ) 2 


&u,v(X, A,o) 


(4.29) 


will vanish for all r = 1,2,..., w — 1 and X = r— l,r — 3,...,— r + 3,— r+1, because g u +i,v an d gu,v do. Moreover, 
because 4fA„.o = (m — l)(n + 1), g u + 2 ,v also vanishes for r = u and A = r — l,r — 3,...,— r + 3,— r+ 1 . 

The only remaining case is r = u + 1. Then, 4tA u+ \ 0 = u(u + 2), hence we may identify ap with u or -it — 2, 
hence q = \ { A — ap) with \(X —u) or j(X+u + 2), respectively. From (14.211) and ap = u. we now obtain 


§m+ 2 ,(A,A„ + 1 !0 ) =fu/a-(l-u)/ 2 ( m + 2) = 



7 ,_ ‘) 


U H - 1 H - £ 

t 


{ 2(m+1)\ 

\u + 1 — £j 


/ 2 (m+ 1 )\'tt?/i(A — m) — 1 \ / u + 1 \ _ / 2 (m + 1 )\ /d(A+ m)\ 
V “ + 1 J<“oV ^ )\u+l-£j \ u+1 u+1 ) 
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/ 2 (w + 1 )\ (A + m)(A + u — 2 ) • • • (A — u + 2 ) (A — u) 

v « + ! J 2 U+I (u + 1)! ’ 

which clearly vanishes for A = u,u — 2,..., —m + 2, — m. The result is the same for ap = —u — 2 

We are now in a position to classify the simple weight modules over Zhu [Aj (h, v)]. Recall that Zhu [Ai (u, v)]- 
modules are automatically sl(2)-modules; by a weight module over Zhu[Aj (m,v)] , we mean that it is a weight 
module over sl(2). The classification of simple sl(2J weight modules was summarised in Proposition 12.21 We 
also recall that the quadratic Casimir operator 

Q= l -h 2 -ef-fe = 2tT (4.31) 

acts as a scalar multiple of the identity on any simple sl( 2 ) weight module. 

Theorem 4.6. The following sl(2 )-modules provide a complete list of the inequivalent isomorphism classes of 
simple weight modules of Tim [Ai (m,v)] : 

• The finite-dimensional highest and lowest weight modules £i r0 , where 1 < r < u — 1. 

• The infinite-dimensional highest weight modules s , where 1 < r < u — 1 and 1 < s < v — 1. 

• The infinite-dimensional lowest weight modules w(CD^ rt ), where 1 < r < u — 1 and 1 < s < v — 1. 

• The infinite-dimensional relaxed highest weight modules A , where (r,s) £ K(u,v) and 4fA rj ^ jl(p. + 2) for 
all fx £ A + 2 Z. 

Proof. We first consider a simple finite-dimensional Zhu [Aj (m,v)] -module M, which must therefore also be a 
finite-dimensional si(2)-module. As the quadratic Casimir takes the value \{r 2 — 1) = 2fA,-o on the (--dimensional 
simple sl(2) module, it follows that g, LV (h. T ) must act trivially on M because the remaining A-independent factors 
of/„. v (A, A) do not have A, q as a root for any positive integer r. By Proposition ^. 51 g u>v (m, A r fi) = 0 if 1 < r < m — I 
and m = r— l,r — 3,...,— r+ 1. Conversely if r > u, then g u>v (m, A r o) 0 for some m = r — l,r — 3,..., — 1 + r, 
because the A-degree of g„ jV (A,A, q) is u — 1, so there cannot be more than u — 1 zeroes. Thus, M must be 
isomorphic to one of the Tx rt] for some 1 < r < u — 1 . 

Next, we consider a simple infinite-dimensional Zhu[Ai (u. v)] -module M, which must therefore also be an 
infinite-dimensional sl(2) weight module. Because there must be an infinite number of weight vectors in M with 
distinct si(2)-weights, g u , v (h,T) cannot vanish identically on M. In order for l uy {h. T) to then vanish, T must act 
as multiplication by A ,- :1 for some (V, ,v) £ K(u. v). Referring to Proposition 12.21 it follows that the last three cases 
of Theorem l4.6l exhaust all the possible isomorphism classes for M. ■ 

The correspondence (Theorem IB. 1 1 between simple modules of a vertex operator algebra and its Zhu algebra then 
proves the following classification result: 

Theorem 4.7. The following si (2 )-modules provide a complete list of the inequivalent isomorphism classes of 
simple relaxed highest weight modules of fk \ (u 1 v) : 

• The highest weight modules £x r0 , where 1 < r < u — 1. 

• The highest weight modules T>x t , where 1 < r < u — 1 and 1 < s < v — 1. 

• The conjugates w(fDx rs ), where 1 < r < u — 1 and 1 < s < v— 1. 

• The relaxed highest weight modules , where (r,s) £ K(u,v) and 4fA rjS jl(jl +2) for all jl £ A +2Z. 

These are therefore the simple modules of the vertex operator algebra A\ (u. v) which belong to the category fif 
that was introduced in Section l2Tl 

Zhu’s correspondence also extends to non-simple Zhu [Aj (u. i')] -modules. In particular, si (2) admits reducible, 
but indecomposable, modules similar to the 3^.^ of Proposition 12.21 whcnever 


23 

(4.30) 


At A = +2) for some jx £ A + 2Z. 


(4.32) 
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For A = A rs , where (r, s) £ K(u,v), the only solutions are /u = r — 1— ts = A,-. s and fi = — r — 1 + fs = X u - r ,v-s- As 
0 < s < v, we find that A„ — A i( _ riV -s 4 2Z, concluding that an indecomposable with A = A rs may have at most 
one weight p satisfying (14. 32l >. Thus, there are Eq) precisely two reducible, but indecomposable, sl(2)-modules 
•^trs'Ars an< ^ f°r each 1 < r < u — 1 and 1 < s < v— 1. They are determined (up to isomorphism) by the 

following non-split short exact sequences: 


V 2 


Jl 


■ 3 a 

/l r,s ^r,s 


W 


-» 0 , 


W 


h u —r,v—s) ^ 


V, 


0. (4.33) 


Applying Zhu’s construction now leads to the following result: 


Theorem 4.8. For each 1 < r < u — 1 and 1 < s < v — 1, there exist two reducible, but indecomposable, A\ (u. v)- 
modules £j , A and , A , obtained by inducing 3l{ r j . A| t and ^ rj - Ars to level k sl(2)-modules and quotienting 
by the sum of all the submodules that trivially intersect the space of conformal weight A r s . They are determined 
(up to isomorphism) by the following non-split short exact sequences: 


■Vi 


A-r e ,Ar 


<{v K ) —> 0 , 


W 






Vi 


■ 0. (4.34) 


A theorem of Kac and Wakimoto |2] Prop. 1] asserts that the Ai (tqv)-modules in category 6 are all semisim¬ 
ple. The category & A[ (u, v)-modules therefore consist of finite direct sums of the highest weight modules of 
Theorem l4.7l By way of contrast, a corollary of Theorem 14.81 is that the A\ (u, v)-modules of category need 
not be semisimple (when v f 1). We remark that we have not excluded the possibility that there exist relaxed 
highest weight modules over A\ («,v) that extend the £a,a, or the £^ A , non-trivially; this would seem to re¬ 
quire more information about the submodule structure of the relaxed Verma modules than is currently available, 
see 0911551 . However, the highest weight result given in Corollary 14.21 and the analogous results for the Virasoro 
minimal models suggest the following conjecture: 


Conjecture. The Ai (n,v)-modules of Theorem 14.71 and Theorem 14.81 exhaust the indecomposable Ai(m,v)- 
modules of category ££. 


We close by demonstrating that the non-semisimplicity of relaxed highest weight modules over A\ (it. v) does 
not imply that the Virasoro mode Lq acts non-semisimply, a fact that is of interest to logarithmic conformal field 
theory studies. This result requires the finite-dimensionality of the weight spaces of the category Sf modules, 
discussed in Section [2~T1 


Theorem 4.9. 

1) The image of the energy momentum tensor T in Zhu[Ai (n,v)] =ils((2)/(/„ v (/!,7’)) acts semisimply on every 
weight module of Zhu [Ai (n, v) ] with finite-dimensional weight spaces. 

2) The Virasoro zero mode Lq acts semisimply on every relaxed highest weight module of A\ (u, v). 

Proof. 

1) Let M be an indecomposable weight module of Zhu[Ai (n, v)] on which (the image of) T acts non-semisimply. 
As T is proportional to the image of the quadratic Casimir Q, it follows that T has a single (generalised) 
eigenvalue on M. Then, by Weyl’s theorem for sl(2), M must be infinite-dimensional with an infinite number 
of distinct sl(2) weights. Let W be the submodule of M spanned by the eigenvectors of T. As W is non-zero, 
W must also be infinite-dimensional as it possesses an infinite number of distinct si (2)-weights. Thus, W is an 
eigenspace of T with eigenvalue A rs , for some (r,s) £ K(u,v). 

Next, assume that there exists a generalised eigenvector v of T, so that (T — A r s )v 0, with sl(2)-weight 
A,.. The existence of v would imply that / HjV (A,,, A) has a zero of order at least 2 at A = A, v . Since there are only 
finitely many sl(2)-weights A for which A = A rs is a zero of 7„ V (A,A) of order at least 2, the quotient M/W 
must be finite-dimensional. But, the eigenvalue of T on v + W is then A, o, for some 1 < r <u — 1, which is a 
contradiction. It follows that no such generalised eigenvectors exist, hence that T acts semisimply on M. 
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2) On any relaxed highest weight module over Ai (w,v), the action of Lq on the relaxed highest weight vectors 
coincides with that of T on the corresponding Zhu [Aj (u. v)] -module. As the latter action is semisimple, so is 
that of Lq on the relaxed highest weight vectors. As these generate the whole module, Lq acts semisimply. ■ 

We stress that this result does not imply that the conformal field theories corresponding to the vertex operator 
algebras Ai (u. v) are non-logarithmic. Indeed, it has been known for some time that there are models with k = — | 
G) and k=-\ ©DU that are logarithmic. The loophole is that we may also twist by the so-called spectral flow 
automorphisms which, when v' ^ 1, lead to infinitely many new simple (and indecomposable) Aj (w.v)-modules 
that do not belong to category M. For k = — | and k = — j, there exist indecomposable Ai (m,v) -modules that are 
formed from relaxed highest weight modules from different spectral flow sectors and the action of Lq on these is 
non-semisimple. In fact, these modules are staggered in the sense of fl6ll56l : a detailed discussion may be found in 
OH- We expect that there exist staggered Ai (i/,v)-modules whenever v ^ 1, hence that the associated conformal 
field theories are logarithmic, and hope to report on this in the future. 
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Appendix A. Symmetric Polynomials 

The standard reference for the parts of symmetric function theory most applicable to the work reported here is 
Macdonald’s book |[28l . In this appendix, we summarise the results from Chapters 1 and 6 of this book that we use 
freely throughout. 

A.l. Partitions of integers. A number of bases of the ring of symmetric polynomials are indexed by partitions. 
We therefore fix some notation on partitions before going on to discuss symmetric polynomials. A partition 
A = [Ai,..., Am] is a weakly descending sequence of positive integers called parts. The length (;(A) = m is the 
length of the sequence and the weight | A | = Ij, A,- is the sum over all elements of the sequence. Sometimes, it is 
convenient to define the A,- for i > £(A) to be 0. A partition A is often also referred to as a partition of the integer 
|A |; [3,3,2,1,1,1] is thus a partition of 11. It is customary to regard the empty partition [] as a partition of 0. 

A convenient shorthand for partitions is to indicate repeated parts using a superscript. Thus, [3,3,2,1,1,1] and 
[3 2 ,2, l 3 ] denote the same partition. The multiplicity in A of a given part i, that is, the superscript in the convenient 
shorthand notation, will be denoted by (i). For every partition A, one may then introduce the following number: 

zx=Y\ m ^ i y-'■ ( a -!) 

i>l 

These numbers play a small role in what follows, see (1A. 151) below for example. 

One also associates, to each partition A, a diagram called a Young diagram. This consists of A (A) rows of 
left-aligned boxes for which the length of the ;-th row is A,-. We draw the first row at the top and the /:(A )-th at the 
bottom. With this convention, the conjugate partition A' is defined to be the partition whose Young diagram is the 
reflection of that of A along the diagonal line from top left to bottom right. This reflection exchanges the lengths 
of the columns and the rows. 

Each box b of the Young diagram of A, generally written as b £ A, may be parametrised by a pair b = (;, /), 
where i is the row number counted from top to bottom and j is the column number counted from left to right. 
Given a partition A and a box b £ A, the arm length a(b), the leg length 1(b), the arm colength a'(b) and the leg 
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colength l'(b ) are the distances from b to the right, bottom, left and top edges of the Young diagram, respectively. 
In formulae, 

a(b) = Xi — j 1 a! (b) = j — 1, /(£>)=Aj —i, l'(b) = i— 1. (A.2) 

Finally, we remark that partitions admit a number of partial orderings, among which the dominance ordering, 
which we denote by >, will prove useful. Two partitions A and p satisfy A > jJ. if |A| = \p\ and 

m m 

£^A; > forallm>l. (A.3) 

i= 1 i= 1 

A.2. Symmetric polynomials. Let A„ be the ring of n-variable polynomials with complex coefficients that are in¬ 
variant under arbitrary permutations of the variables. A„ is called the ring of symmetric polynomials in n variables. 
This ring is graded, 

A„ = ®A*, (A.4) 

k> 0 

where A k n is the space of homogeneous symmetric polynomials of degree k. 

Examples of symmetric polynomials include: 

1) Power sums: The symmetric polynomial 

n 

P k (-*'1, ■ ■ •, x n ) = k> 1, (A.5) 

i— 1 

is called the A-th power sum. For each partition A = (Ai,... ,A m ), we define 

Pa = PAj •" Pa„,- (A.6) 

2) Elementary symmetric polynomials: The symmetric polynomials 

e 0 (xi,...,x„) = 1, e k (xi,...,x n ) = x h ---x iv 1 <k<n, (A.7) 

\<il<--<ik<n 

are called the elementary symmetric polynomials. The elementary symmetric polynomials appear in the expan¬ 
sion of the generating function 

= ^e,(xi,...,x„)/“'. (A.8) 

(=1 i =0 

3) Monomial symmetric polynomials'. Let a = (ai,..., a„) £ Z" 0 be an n-tuple of non-negative integers. The 
symmetric polynomials 

m a (xi,...,x„) (A.9) 

O 

where the sum runs over all distinct permutations a of a, are called the monomial symmetric polynomials or 
symmetric monomials for short. Given a, there is always precisely one distinct permutation a whose entries 
are in descending order, hence by omitting any trailing zeroes, we may assume that a is a partition of length at 
most n. 

Proposition A.l. 

1) The power sums p k are algebraically independent for k <n and generate A„: 

A„=C[pi,...,p„]. (A. 10) 

2) The elementary symmetric polynomials are algebraically independent and generate A„: 

A„ =C[ei,...,e„]. f A. 11) 

3) The symmetric monomials with f(A) < nform a basis of A„. 

When working with symmetric polynomials, it is a remarkable fact that the number of variables is often irrele¬ 
vant, assuming only that this number is sufficiently large. For this reason, it is convenient to work with symmetric 
polynomials in infinitely many variables. The ring of symmetric polynomials in infinitely many variables, x, say, 
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is given by an inverse limit: 

A = |mA ( , (A. 12) 

n 

Often the elements of A are distinguished by referring to them as symmetric functions. The projection 

7i n . A y A n , (A. 13) 

defined by setting x, = 0 for all i > n , recovers the case of finitely many variables. 

Proposition A.2. 

1) The power sums are algebraically independent for all k> 1 and generate A: 

A = C[ P i, p 2 ,...]. (A. 14) 

In addition, the piform a basis of A as A runs over all partitions of all non-negative integers. 

2) The symmetric monomials form a basis of A as A runs over all partitions of all non-negative integers. The 
projection n n \ A — > A„ satisfies 7T„(m^) = 0 if and only if -f(A) > n. 


The basis of A which is most interesting for the purposes of this article is that consisting of the Jack symmetric 
polynomials. These polynomials are orthogonal with respect to the following inner product on A: 

(pa.P g) t =zxt m Sx,g- (A. 15) 

In fact, there are infinitely many families of Jack polynomials, each forming a basis of A, parametrised by the 
complex number f gC\Q<o appearing in this inner product. 


Proposition A.3. 


1) Let {«,„} be a basis of A and let {v m } be the dual basis with respect to the inner product (1A.15I >. Then, the 
following identities hold: 


n«p 

k> 1 


/1 Pk (xuX2,---)Pk(yi,y2,--- 

\t k 



iA = 


J2 u >n(x 1 ,X2, ■ ■ ■ )Vm(yi,y2, ■■■)■ 

m 


(A.16) 


Analogous identities hold for finite numbers of variables Xj and/or y j by projection. 

2) For every partition A and every f gC\Q<o> there exists a unique basis of symmetric polynomials such that 
( P A • P u ), = 0, whenever A p, and such that they satisfy upper-triangular decompositions into symmetric 
monomials, 

P A = X] u l4l (t)m^, (A.17) 

where u\^(t) £ C and u^^f) = 1. Here, the sum runs over all p that are dominated by A. It follows that the 
P', are homogeneous symmetric polynomials of degree | A |. 


Definition. The PI determined by the previous proposition are called the Jack symmetric polynomials or, when 
working in the infinite-variable ring A, the Jack symmetric functions. 


We remark that if t £ Q<o, then some of the coefficients ui^(t) in (IA. 17b will diverge for certain A, hence some 
of the Jack polynomials will not be defined. 

The Jack polynomials P^ satisfy a number of remarkable properties. Before we can list those that we shall 
require, we need to introduce one more inner product, this time that of two symmetric polynomials f,g £ A„ of n 
variables: 



i A_ 


dxi■• dx„ 
X\ ■■■X n 


(A.18) 


Here, the overline indicates that the arguments of the function have been inverted: f(x i,..., x n ) = /(xj~ .., x„ 1 ). 

We remark that the integral in (1A. 1 8b may be thought of as an n-variable generalisation of taking the residue at 0 
of a meromorphic function. In particular, the integral vanishes if / and g are homogeneous of different degrees. 
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In 11281 . an inner product is defined for a deformation of the Jack polynomials (now) called the Macdonald 
polynomials. The definition is almost identical to (1A. 181 . utilising a cycle [A„] that is just a (normalised) product 
of n unit circles. However, there are some subtle ties when passing to the Jack polynomial limit and, in particular, 
this cycle is no longer suitable. Instead, we will use the (normalised) cycles constructed by Tsuchiya and Kanie 
which also have the advantage of being supported in the domains required for radially-ordered expansions of 
screening operators. 


Theorem A.4 | [26l . Let r £ Z>i and t £ C* and suppose that d(d + \ )/t ^ Z and d(r — d)/t ^ Z ,for all integers d 
satisfying 1 <d < r— 1. Then, there exists a cycle A,- such that for each symmetric Laurent polynomial f(z\ .. .. ,Zr), 
the integral 


[ Gr(z;t)f(zi,...,Zr)— -^ 

J A r Z\ ’ ” Zr 


(A. 19) 


is equal to 


[ [ E[( 1 -) ; 0 2/f ■G r -i(y;t)f(z,zyi,zy 2 ,---,zy r - 

J \z\-1 J Gr—l i— 1 


dyi ■ ■ ■ d»- i dz 


(A.20) 


y\---y r ~\z 

where a>_i is (a regularisation of) the (r— 1 )-simplex {1 > yi > - - - > y r ~ t > 0}. If r = 1, then G\(z',t) = 1 and 
A] is just the unit circle. In particular, if f(z\,z r ) = T then (IA. 19b may be evaluated as a Selberg integral: 


Sn(t)= [ G r (z;t) 
J A r 


dci■■■dz r 

ZVZr 


2m ^> r(i + Q- + i)A)r(-j/o 
(r- l)!ji r(l + l/0 


(A.21) 


This integral is non-zero, hence the cycle A,- is non-trivial. 

The normalised cycle [A„] is then given by [A„] = A„/5„(f), so that (1,1)" = 1. 

We finish by summarising the properties of the Jack symmetric polynomials that we will use in this article. 


Proposition A.5. 

1) The elementary symmetric polynomials are Jack polynomials (for all values oft): e^ = Pj^. 

2) The norm squared of with respect to the infinite variable inner product (•, •) is 

/pt p t\ _ ~r~r t(a(b) + l) + 1(b) 

{ L\ ta(b)+l(b) +1 ' 

The corresponding dual basis of the Jack polynomials will be denoted by 

P t 

Q\ = 


(A.22) 


(A.23) 


A < P A> P i)/ 

3) For any X £ C, one defines a ring homomorphism "Ex : A —> C, called the specialisation map, by Ex(pjt) = X, 


for all k > 1. The Jack polynomials and their duals specialise to 

■ X + ta'(b) — l'(b) 


X ^ ^ ta(b) + l(b) + 1 


X+ta'(b)-l'(b) 


t(a(b) + 1) + l{b) 


(A.24) 


4) The projection onto n variables satisfies n n ( P^) = 0 if and only if I(X) > n. 

5) In A,„ one has P r m „j (x \.... ,x n ) = .... ,x n ) = n"=i*T- 

6) Suppose that X satisfies £(X) < n and let X + [nf] denote the partition [Ai +m,... ,X n +m\. Then, in A,„ 


n<- p 2= p 2 


/=i 


X-\-[m n 


(A.25) 


7) Suppose that X satisfies t(X) < n. Then, the norm squared of the P^ with respect to the finite variable inner 
product (•,•)" is 

( t(a(b ) + !) + /(/?))(« +ta'(b) — l'(b)) 


( p A, p A>;=n- 


(A.26) 


be}i (ta(b) + l(b) + l) (n + t(a'(b ) + 1) — l'(b) — l) 

The specialisation map of Proposition IA.5I item [3j] seems somewhat mysterious at first glance and deserves 
some additional explanation. Our chief use for it is to expand products of the form n,>i(l — xf) ' x '' in terms of 
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Jack polynomials. To do this, we consider (1A.16I) with y\ = 1 and y<- = 0 for all i > 1: 


IK 1 -*;) 1/f = ri ex P(7 


i> 1 


&>1 


1 p* (JC!,.. - ,JC„) 


(A.27) 


It follows that we may now write 


no-»)-«•= pm 7 


i> 1 


£>1 


X Pk(xi,x 2 ,...) 


= ( 11 exp ( ~ -*- 


a>i 


= E Z ^P , A (xi,x 2 ,...)Q' A (yi,y 2 ,---) = £ / P[(x 1 ,x 2 ,...)Z x (Q[(y u y 2 ,...)) 


= E 

X 


l e [t{a(b) + l) + l{b) 


P f A (*i,*2,---)> 


(A.28) 


where we take the specialisation map E x to act only on the symmetric polynomials in the y,. 


Appendix B. Zhu’s algebra 


From any vertex operator algebra V, one can construct a unital associative algebra Zhu [V] called Zhu’s algebra. 
The representation theory of this associative algebra is closely related that of V and is a crucial tool for classifying 
V-modules, especially simple V-modules. In this appendix, we motivate Zhu’s algebra by using generalised com¬ 
mutation rules to relate it to the algebra of zero modes of the fields of V. From this point of view, the technology 
of Zhu may be regarded as an abstract formalisation of the “annihilating ideals” discussed in the physics literature 
li53l . A part of this motivational discussion may be found in l l57l ; another means of motivating Zhu’s algebra via 
deforming the standard conventions for normal ordering is the subject of f58) . 

A weight module M of V is said to be N-graded if its decomposition into generalised Lo-eigenspaces is bounded 
below, that is, if there exists an h £ C so that 


M = (J)M„, M„ = {u € M : (Lg — h — n) m u = 0 for some m £ Z>i}. (B.l) 

n> 0 


The space M = Mo is often called the space of ground states; these states are clearly annihilated by every positive 
mode of every field. We remark that in the language of Section 12711 the space M is spanned by relaxed highest 
weight vectors (though M may contain other such vectors that are not in M). 

Our preferred means to motivate the construction of Zhu’s algebra is the observation that a simple weight 
module M of V is, rather generally, completely determined by its space of ground states M. This space admits an 
action of the zero modes of the fields and Zhu’s algebra is an abstract realisation of this action. To be more precise, 
consider ED the generalised commutation relation obtained from the contour integral 


r f A{z)B{w)z ltA w llB - 1 d- dw 
JoJw z — w 2zri 27ri 


(B.2) 


where A[z) and B(z) are two fields of V of conformal weights h A and hg, respectively. (We denote their modes by 
Aj and Bj, respectively, and the corresponding states by A and B.) Without the denominator in the integrand, the 
usual procedure of breaking the inner contour in two or employing the operator product expansion would lead to 
the commutation rules of the modes A] and Bg. With the denominator, the generalised commutation relation is 


E [ A -J B j+ B -j-i A J+ 1] 
j> 0 



(B.3) 


where (AjB)g denotes the zero mode of the field corresponding to the state AjB. Letting this generalised commu¬ 
tation relation act on a ground state v G M (or a relaxed highest weight vector), we arrive at 

AoBgv = £ (\* A ) (A jB)gv. 
j>~hA ^ + A ' 


(B.4) 











30 


D RIDOUT AND S WOOD 


This motivates the definition |[46l of Zhu’s product * on the vertex operator algebra V (we identify its elements 
with the states of the vacuum module for convenience): 


A*B = 




(1 +z) ,u dz 

z 2n'\ 


(B.5) 


The vacuum Q is easily verified to be a (two-sided) unit with respect to this operation. To illustrate, we tabulate 
the products of the generators e, h and / of the level k universal vertex operator algebra V/ ; of si (2): 


* 

e 

h 

f 

e 

: ee : 

: eh : — 2e 

■ ef : - h 

h 

: he : + 2e 

: hh : 

:hf: -2/ 

f 

: fe : +h 

■fh: +2f 

://: 


For example, h*e = h-\e + hoe = : he : + 2e. We see immediately that, unlike the algebra of zero modes on the 
ground states, this * operation does not respect the s 1 (2) commutation rules, for example, h* e — e * h = 4e + 2de. 
Moreover, it is not even associative, for example, (h*e)*e — h*(e*e) = 2: dee : +2: ee :. 

Consider now, for each N-graded V-module M, the map taking a vertex operator algebra element A S V to the 
linear endomorphism Aq, restricted to the space of ground states M. From (IB. 41 ) and (IB. 51) . we see that 




(B.7) 


Because the algebra of zero modes is associative, it follows that the failure of * to be associative on V must be 
explained by the discrepancies being mapped to zero: 

((A * B) * C — A * (B * C)) = 0, (B.8) 


for all A,B,C £ V and all N-graded V-modules M. Similarly, discrepancies between the commutation rules of the 
zero modes and the ^-commutation rules must also map to zero. In accord with these observations, it is easy to 
check that jfm; does map h*e — e*h — 2e=2(e + de) and (h* e) * e — h* (e *e) = 2(: dee : + : ee : ) to zero. 

To accurately reflect the algebra of zero modes acting on the ground states, we should therefore quotient the 
vertex operator algebra by the intersection (over all 3VC) of the kernels of the 7Ty[ . One can obtain many elements 
of this kernel by again appealing to generalised commutation relations, in this case that obtained from 

f f A(z)B(w)z' lA+l w l,B ~ 1 dz dw 
JoJw (z — w) 2 2ni2ni 


(B.9) 


The resulting generalised commutation relation, applied to v £ M, takes the form 

+1 \ / * , v * ( h a 






where we have combined this relation with that of (IB. 41) in order to obtain the vanishing condition. 
This motivates the definition l46l of Zhu’s other product o on V: 

h A \ A „ / w (1 +z) hA dz 


AoB = V ( 7’ )A:B = 

j>X-Aj+h A + l) jo 


2n\ 


(B.10) 


(B.l 1) 


It is clear from (IB. 101 ) and (IB. 1 II ) that all elements of the form AoB belong to the kernel of every JTjvt- Indeed, 
Zhu showed that the space 0(V) spanned by the elements of this form is a two-sided ideal of V. There appears to 
be some confusion in the literature as to whether Zhu proved explicitly that 0(\!) is in fact the intersection of the 
kernels of the (for example, a remark amounting to this is stated without proof in (52l ). but this result may be 
found in |[ 59l App. A.2]. In any case, the quotient Zhu [V] = V/0(V) is what is now referred to as Zhu’s algebra. 
It is a unital associative algebra with respect to Zhu’s * product. 

Consideration of the elements of 0(V), for example, T + dT = T o Cl £ <9(V), shows that Zhu’s algebra is 
not graded by conformal weight. It is, however, filtered by conformal weight in the sense that it has an increasing 
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sequence of subspaces Zhuo [V] C Zhui [V] C Zhu 2 [V] C ■ ■ •, where Zhu m [V] is the image in Zhu [V] of ®™ =0 V„ 
(and V is here regarded as an N-gradcd module over itself). 

It should now be clear that the space M of ground states of a V-module M is an Zhu [V] -module. The converse 
to this statement is of great importance to the representation theory of vertex operator algebras. 

Theorem B.l (461 Thms. 2.2.1—2], There is a bijective correspondence between isomorphism classes of simple 
Zhu[V] -modules M and simple N -graded V -modules. More precisely, for every simple N -graded V -module M, 
the ground states form a simple Zhu [V] -module M and for every simple Zhu [V] -module M, there exists a simple 
N-graded V module M with M as its space of ground states. 

Zhu actually gives a construction of a universal N-graded V-module M from a simple Zhu [V] -module M so that 
any N-graded V-module M' with M as its space of ground states is a quotient of M. If the vertex operator algebra 
V is rational, then its modules are semisimple and thus M is simple. However, for more general vertex operator 
algebras the universal M that Zhu constructs may be reducible. Moreover, one may also start with a non-simple 
Zhu [V] -module; the result is then always reducible. 

We close this appendix with two results of Frenkel and Zhu that will be used in this paper. 


Proposition B.2 [52; Prop. 1.4.2]. Let V be a vertex operator algebra with an ideal I that does not contain the 
vacuum LI or the conformal vector T. Then, the image Zhu [l] of I in Zhu [V] is a two-sided ideal satisfying 


Zhu [V/l] 


Zhu [V] 
Zhu[l] ' 


(B.12) 


This result allows us to describe Zhu’s algebra for the simple admissible level vertex operator algebras Ai (m,v) 
of si (2) in terms of that of the universal vertex operator algebras V/. and the generators (singular vectors) of their 
maximal ideals. The next result determines the latter Zhu algebras. 

Proposition B.3 (52], Thm. 3.1.1]. Zhu’s algebra for the universal sl(2) vertex operator algebra at level k ^ —2 
is isomorphic to the universal enveloping algebra of non-affine sl(2j : 


Zhu [V*] =ilsl(2). 


(B.13) 


Moreover, the image of T in Zhu [V*] may be identified with the quadratic Casimir of sl(2): 


T = 


2{k + 2) 


Q, 


Q = -h 2 -ef-fe. 


(B.14) 
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